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f^^ ' Abstract 

T-H I The invariants in half-maximal supergravity theories in D = 4,5 are discussed in detail up 

^^ I to dimension eight {e.g. R'^). In Z) = 4, owing to the anomaly in the rigid SL(2,R) duality 

symmetry, the restrictions on divergences need careful treatment. In pure A/" = 4 supergravity, 
this anomalous symmetry still implies duality invariance of candidate counterterms at three 
^ \ loops. Provided one makes the additional assumption that there exists a full 16-super charge 

j^ \ off-shell formulation of the theory, counterterms at L > 2 loops would also have to be writable 

as full-superspace integrals. At the three-loop order such a duality-invariant fuU-superspace 
integral candidate counterterm exists, but its duality invariance is marginal in the sense that the 
full-superspace counter-Lagrangian is not itself duality-invariant. We show that such marginal 
invariants are not allowable as counterterms in a 16-supercharge off-shell formalism. It is 
not possible to draw the same conclusion when vector multiplets are present because of the 
appearance of F'^ terms in the SL{2,M.) anomaly. In D = 5 there is no one-loop anomaly in 
the shift invariance of the dilaton, and we argue that this implies finiteness at two loops, again 
subject to the assumption that 16 supercharges can be preserved off-shell. 
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1 Introduction 

Developments in the evaluation of scattering amplitudes using unitarity methods over the past 
decade or so have made it possible to push the investigation of the onset of ultra-violet di- 
vergences in maximal supergravity theories to higher loop orders than would have been pos- 
sible using conventional Feynman diagram techniques. In particular, it has been shown that 
D = A, A/" = 8 supergravity is finite at three loops (i?^) [1], and that D = 5 maximal supergrav- 
ity is finite at four loops {d^R^) [2], despite the existence of corresponding counterterms, at least 
at the linearised level [3, 4, 5]. Since these invariants are of F-type, i.e. correspond to integrals 
over fewer than the maximal number of odd superspace coordinates, it might have been thought 
that they should be protected by superspace non-renormalisation theorems [5] , but it is difficult 
to justify this argument because there are no known off-shell versions of maximal supergravity 
that realise all of the super symmetries linearly. Indeed, such off-shell versions cannot exist in 
every dimension because it is known that divergences do occur for F-type counterterms in Z? = 6 
and D = 7 above one loop [6]. However, these finiteness results can be explained instead by 
duality-based arguments. Eyij) Ward identities can be defined at the cost of manifest Lorentz 
covariance [7, 8], and can be shown to be non-anomalous.^ These Ward identities imply that 
the counterterms associated to logarithmic divergences must be Ej/y) invariant. The unique 
SU{8) invariant R^ candidate counterterm can be proved to violate E^fj) symmetry from a 
perturbative scattering amplitude approach [9] and from a direct field-theoretic argument [10] 
that makes use of dimensional reduction and of the uniqueness of the D = 4 counterterms 
at the linearised level [11]. In addition, there is no superspace measure for the i?^ invariant 
at the full non-linear level, while an analysis of the closed super-four-form that does define 
this supersymmetric invariant leads to the same conclusion: there is no three-loop acceptable 
counterterm that is both M = 8 supersymmetric and £^7(7) duality invariant [10] . Furthermore, 



^The absence of a supersymmetric anomaly for the £7(7) Ward identities that cannot be removed by su- 
persymmetric non-invariant counterterms has not been rigourously estabUshed at all orders in perturbations 
theory. Nonetheless, the complete characterisation of the supersymmetry invariants of type R*, d^R^, d^R^, 
d^R"^ [9, 11, 12] allows one to prove that such an anomaly cannot appear before eight loops. 



these arguments can be extended to the other two F-term invariants in D = 4 arising at the 
five and six-loop orders [10, 13], there being no four-loop invariant [11]. One can then use 
dimensional reduction and the known divergences at one, two and three loops in D = 8, 7 and 
6, respectively, to show that these are the only F-term divergences that can arise in maximal 
supergravity in any dimension. This result can also be seen from an analysis of the conjectured 
duality properties of superstring theory [14, 15]. 

It therefore seems that maximal supergravity must be ultra-violet finite up through at 
least six loops in D = 4, and that there are no divergences that correspond to the known 
linearised BPS counterterms (F-terms) [3, 4, 11, 16, 17]. At the seven-loop order, we reach 
the borderline between F-term and D-term invariants. At this order there would seem to be 
a candidate D-term invariant, the volume of superspace, which is manifestly symmetric with 
respect to all symmetries and which would be difficult to protect by conventional field-theoretic 
arguments. However, it is now known that the volume of superspace vanishes on-shell for any 
AA in D = 4, although there is still an AA = 8 seven-loop invariant that can be written as a 
manifestly duality-invariant harmonic-superspacee integral over 28 odd coordinates [12]. The 
situation at this order is therefore somewhat ambiguous, although it is unlikely that there is 
an off-shell formulation of the maximal supergravity theory preserving all the super symmetries 
linearly which could be used to try to justify the absence of a seven-loop divergence. A direct 
computational resolution of this ambiguity would seem to be a tall order, at least in the near 
future, but a similar situation arises in the half-maximal case which is more tractable from both 
the computational and formal points of view. 

In D = A, J\f = 4: supergravity the F/D borderline occurs at the three-loop level, i.e. for R 
type counterterms. It has recently been shown that half-maximal supergravity is finite at this 
order [18, 19, 20] and that this state of affairs persists hi D = 5 [21] (where the relevant loop 
order is two) and in the presence of vector multiplets [19, 20]. These finiteness results have 
been obtained from scattering amplitude computations [18, 21] in pure supergravity and from 
string theory [19, 20] in supergravity coupled to vector multiplets. Field-theoretic arguments in 
support of these results have been given using duality arguments^ [25] and conformal symmetry 
[26]. From the counterterm point of view, the situation resembles seven loops in AA = 8 because 
the natural candidate for the i?^ invariant would be the volume of superspace. As in A/" = 8, this 
turns out to vanish in both D = A and 5, but in both cases one can also construct R^ invariants 
as harmonic-superspacee integrals over twelve odd coordinates instead of the full sixteen. As we 
shall show, duality-invariant counterterms of this type can be re-expressed as full-superspace 
integrals with integrands that are not themselves duality invariant. The issue is therefore to 
understand if this property is enough to rule out these counterterms as possible divergences. 



^A similar controversial argument, that £7(7) symmetry could be much more restrictive and that JV = 8 
supergravity might in consequence be finite at all orders, was made in [22, 23], despite the existence of an infinite 
number of duality-invariant full-superspace counterterms starting at eight loops [3, 24]. 



In order to do so, one has to assume that there are off-shell formulations of the theories under 
consideration that preserve all the supersymmetries as well as the duality symmetries, or at 
least a large enough subgroup thereof. 

Perhaps the simplest case to consider is half-maximal D = 5 supergravity which has only 
one scalar, the dilaton $, and for which the duality symmetry is simply a shift of this field. 
As mentioned above, the superspace volume vanishes, but the full-superspace integral of any 
function of $ will give rise to a supersymmetric R'^ invariant. The only choice of function 
for which this integral is shift-invariant is a linear one, because under a shift this would give 
rise to the volume, which vanishes. Moreover, one can rewrite this invariant as a twelve- 
theta harmonic-superspacee integral of a Grassmann-analytic function that is manifestly shift- 
invariant. In a sense, one can regard <I> as a zero-form potential for a gauge transformation 
with a closed zero- form parameter, i.e. a constant, and so the integral could be thought of as 
the simplest type of Chern-Simons invariant. One could therefore rule this out as a divergence 
if one could show that divergences have to correspond to full-superspace integrals of integrands 
that are manifestly invariant under duality transformations. 

For D = A, M = 4 supergravity, the duality group is SL{2, M). This symmetry is anomalous 
[27], but we shall show that the anomalous Ward identities still require the three-loop coun- 
terterm to be duality- invariant. It turns out that this counterterm can be expressed either as a 
twelve-theta harmonic-superspacee integral with a manifestly duality-invariant integrand or as 
a full-superspace integral of the Kahler potential on the scalar manifold. This potential can be 
regarded as a local function depending on the complex scalar field T, the unique independent 
chiral superfield in A/" = 4 supergravity, and on its complex conjugate. One would therefore 
need to show that the only allowable counterterms should be full-superspace integrals of inte- 
grands that are manifestly symmetric under the isometrics of this space in order to rule out a 
possible divergence at three loops. This case has some features in common with (2,2) non-linear 
sigma models in D = 2, which also have Kahler target spaces. In [28] it was shown, using the 
background field method in superspace, that all possible counterterms beyond one loop have to 
be full-superspace integrals of tensorial functions of the background field, i. e. constructed from 
the Riemann tensor and its target-space derivatives. So in the case of a symmetric target space 
these functions would be constant, i.e. manifestly invariant under the isometrics. If we could 
prove a similar result for A/" = 4 supergravity then three-loop finiteness would be a consequence. 

As well as studying half-maximal supergravity theories we shall also consider the inclusion of 
n extra vector multiplets. In D = 4 this leads to an additional SO {6, n) duality symmetry that 
acts on the manifold of the extra scalars, while in D = b we have SO{5,n). In five dimensions 
there are no one-loop divergences to complicate matters and we shall argue that the extra 
multiplets do not affect the counterterm analysis at two loops. In four dimensions, on the other 
hand, there is a one-loop divergence corresponding to an F'^ counterterm [29]. We shall show 



that the full super-invariant corresponding to this is also invariant under S'L(2,M) x S0{6,n), 
a fact that is non-trivial to prove. This invariant turns out to affect the analysis of divergences 
at three loops because the one-loop anomaly functional, in the presence of vector multiplets, 
necessarily includes an F^ term. The presence of this term implies that the theory is no longer 
invariant at one loop under shifts of the dilaton, which it is in the absence of vector multiplets. 

In order to argue our case, we shall have to assume the existence of a suitable off-shell 
formalism that preserves all of the supersymmetries linearly. It was shown some time ago by 
a counting argument [30, 31] that, in ordinary superspace with a finite number of component 
fields, this is only possible for AA = 4 supergravity coupled to 6-I-8A; vector multiplets. The case 
k = corresponds to dimensional reduction of the off-shell D = 10, M = 1 construction given 
in [32] which makes use of a six-form potential rather than the usual two-form. However, even if 
one were able to construct these multiplets for arbitrary k, there would still be a difficulty with 
duality symmetry because some of the scalars appear as antisymmetric two-form potentials off- 
shell. For example, for k = 0, i.e. with six vector multiplets, one finds that the 36 scalars appear 
as 20 -|- 1 scalars and 15 two-forms. For this reason, we shall instead assume that a suitable 
off-shell theory can be constructed in harmonic superspace even though no one has succeeded 
in doing this for a single J\f = A vector multiplet, owing in part to the vector multiplet's self- 
conjugate nature.^ This difficulty should be contrasted with the successful construction of off- 
shell harmonic-superspacee formulations of the 8-supercharge hypermultiplet in D = 4, 5 & 6. 
Similarly to the 'finite-field' N = A cases, there is a "no-go" theorem for 'finite-field' off-shell 
formulations of hypermultiplets where the physical modes involve only scalar fields [34], but 
harmonic-superspacee constructions, with infinite numbers of component fields, nonetheless 
exist [35, 36]. So the question of whether an off-shell formulation exists for half- maximal 
supergravity and its vector-multiplet couplings still remains open. 

To summarise, the dimension-eight {R^) invariants in pure half-maximal supergravity theo- 
ries in Z) = 4, 5 can be considered to be on the F/D borderline because they can be expressed ei- 
ther as integrals of duality-invariant integrands over twelve odd coordinates or as full-superspace 
integrals whose integrands are not themselves invariant even though the integrals are. If we 
make the assumption that there exist off-shell versions of these theories that preserve all of the 
supersymmetries linearly as well as the duality symmetries, then the divergences would have 
to correspond to full-superspace integrals with integrands that are duality-invariant and hence 
would be absent at the corresponding (3,2) loop orders. When vector multiplets are present, 
this result still holds in I? = 5 but is vitiated in D = 4 owing to the fact that the anomaly is 
altered in the presence of the vector multiplets. In D = 4, the requirement of duality symmetry 
is not compatible with manifest Lorentz invariance, so this would presumably have to be given 



^Notwithstanding the fact that there is an off-shell version of A/" = 3 Yang-Mills theory, which has the same 
physical spectrum as A/" = 4, in harmonic superspace [33]. 



up in superspace, as it must in the component formalism [8, 37]. In superspace, it might be 
possible to make use of light-cone harmonic-superspacee techniques to help out in this context 
[38, 39, 40]. In D = 5, on the other hand, duality is fully compatible with manifest Lorentz 
symmetry. 

Although our main motivation is the understanding of the ultra-violet behaviour of half- 
maximal supergravity theories, our classification of supersymmetry invariants is also of interest 
for understanding string-theory effective actions with half-maximal supersymmetry. In par- 
ticular, the non-linear structure of the R^ type supersymmetry invariant is shown to be such 
that the threshold function multiplying the F'^ type structure is not independent of the R^ 
threshold. Our results are less conclusive for higher-derivative invariants like 5^-F^, since we 
do not discuss in this paper the higher-order corrections required to promote a supersymmetry 
invariant considered modulo the equations of motion to an actual supersymmetric effective ac- 
tion. Nonetheless, the structure of R'^ type invariants is clarified, shedding light on the property 
that the tree-level R'^ invariant does not get corrected at one- and two-loops in heterotic string 
theory. 

In the next section we give a brief summary of D = 4 super geometry, including vector 
multiplets, and then continue in Section 3 with a comprehensive study of invariants up to 
dimension eight. In order to do this, we make extensive use of harmonic-superspacee methods 
and the ectoplasm formalism. At dimension four there are R^ and F^ invariants, both of which 
appear in the cocycle {i.e. closed super-D-form) that determines the 5L(2,M) anomaly in the 
presence of vector multiplets. The F^ invariant can be written as a harmonic-superspacee 
integral that is not manifestly 50(6, n) invariant, but that can also be expressed as a cocycle 
that is so invariant. At dimension six, the d'^F^ one-quarter BPS invariant is also writable as 
a harmonic-superspacee integral, but in this case we have not been able to establish 50(6, n) 
invariance. In addition, there are invariants involving R^F^ terms. At dimension eight, we 
show that the volume of superspace vanishes even in the presence of vector multiplets. As 
a consequence, the R'^ type duality invariant can be written either as a sixteen-theta fuU- 
superspace integral of a non-duality-invariant function of the A/" = 4 supergravity complex 
scalar field T or as a manifestly invariant twelve-theta harmonic-superspacee integral. There 
is also a 5^-F^ type duality invariant that can only be written as a twelve-theta harmonic- 
superspacee integral. In Section 4, we discuss the 5L(2,M) anomaly. It is given by a dimension- 
four (R A i?)-type invariant which involves F^ in the presence of vector multiplets, and in the 
following section we discuss the implications of the anomaly in perturbation theory. This section 
includes a brief recap of superspace non-renormalisation theorems as well as a discussion of the 
notion of superspace co-forms that is needed in order to justify non-renormalisation of marginal 
counterterms. The non-renormalisation theorem is illustrated by the example of (2, 2) non- 
linear sigma models in D = 2. A brief discussion of pure J\f = 4:,D = 4 supergravity was given 



in reference [41]. 

In Sections 6 and 7, we discuss the situation in D = 5. We give some details of Z? = 5 
supergeometry, starting with the maximal A/" = 4 case, and then go on to discuss the invariants 
for the half-maximal A/" = 2 case, up to dimension eight. We show that the volume of -D = 5 
half- maximal superspace vanishes (although it does not in the D = 5 maximal case) , and analyse 
the effect that this has on dimension-eight invariants. Since there is no one-loop anomaly for the 
D = 5 supergravity duality symmetry, which is simply invariance under shifts of the dilaton, 
it is more straightforward to argue that half-maximal theories should be two-loop finite in 
D = 5, given the assumption of a suitable off-shell formulation. We also show that certain 
i?^-type invariants cannot be written as full-superspace integrals, depending on the function of 
the dilaton that multiplies R'^ in the spacetime invariant. In the context of the heterotic string, 
we argue that this suggests that R^ is only protected, i.e. of BPS type, for loop-orders one to 
four, but not beyond. We state our conclusions in Section 8. 

The borderline F/D problem is difficult to analyse from our field-theoretic point of view, 
owing to the need to assume the existence of a full off-shell formalism, but for higher loops 
there will certainly be candidate counterterms that are purely D-type and whose integrands 
are invariant with respect to all known symmetries. In this sense, an unambiguous test of 
"miraculous" ultra-violet cancellations in half-maximal supergravity will require calculations at 
one loop higher than those that have been carried out to date. 

2 Supergeometry of J\f = 4 supergravity theories in four dimen- 
sions 

In the superspace formulation of D = 4, AA-extended supergravity there are preferred basis one- 
forms E = [E"" , Ef , E°'^) related to the coordinate basis forms by the supervielbein matrix 
E = dz Em , where a, a, a are respectively Lorentz vector and two-component spinor indices 
and i = 1, . . . A/" is an internal index for the fundamental representation of U{N) {SU{8) for 
M = 8). The structure group is 5L(2,C) x (S)U{j^). The connection ^a^ and the curvature 
Ra are respectively one- and two-forms that take their values in the Lie algebra of this 
structure group, so that there are no mixed even-odd components. 

For general A^, one can impose a conformal constraint on the dimension-zero torsion requir- 
ing that it be flat, i.e. that the only non- vanishing part is [42] 

Ta^/ = -^^K, ■ (2-1) 

This constraint, together with the imposition of conventional ones, implies that the only non- 
vanishing component of the dimension-one-half component of the torsion is 

T^3^' = ^a^x''"^ (2.2) 



together with its complex conjugate. For A/" < 4 this leads to an off-shell conforinal supergravity 
multiplet [43], while for AA > 4 one finds a partially off-shell system [42, 44]. To go on-shell in 
Poincare supergravity, one needs to specify in addition a number of dimension-one superfields in 
terms of the physical fields. One can show that there are additional field strengths corresponding 
to the vector and scalar fields in the theory, as discussed in detail in [45, 42]. The geometry 
relevant for A/" = 4 supergravity coupled to n vector multiplets can be obtained by truncating 
M = S supergravity to AA = 4 supergravity coupled to six vector multiplets and then extending 
to n using SO{n) symmetry. 

2.1 Field-strength tensors 

In this subsection we give the non- vanishing components of the superspace field-strength tensors 
up to dimension one. As well as the torsion and the curvature we also have the field-strengths 
for the vectors and the scalars. In AA = 4 we can replace the three-index spinor field by a 
one-index one, Xaijk = ~^ijklXa^ s° that the dimension-one-half torsion can be rewritten as 

r^r' = -eape^'^'xi . (2.3) 

The non-vanishing components of the torsion at dimension one are 

rp jk_-^ iTfjk * ^jklm\A \ 






-i£al3>^i A^fcA - T77'^fc(£7(a-^^ ^P)IA " ^^ea/^A^ X-^Ia) , (2.4) 



where Ma/sij is the field-strength for the six vectors in the supergravity multiplet and XaiA, 
A = 1, . . . n, denote the n vector-multiplet spinor fields.^ The non-vanishing dimension-one 
components of the Lorentz curvature are 

-^a/37'5 = ~ 7^*"' ' ^apXjkAXsi , 



Ki,s = -^"/^Mg 



R. 



''a^pS-^a{-i{x\)Xpj + |A*j A^)^^) - -j^^]£a{-,{X5)X^k + ^A^ Xs)kA) (2-5) 

together with their complex conjugates. The dimension-one components of the C/(4) curvature, 
R'^i, are 

K'^'i = \ea0'"'''e^'\ypA\5i'' - ^5f e^^P-'A^p^A^j/ , (2.6) 



*The index A is also used as a tangent space super-index but it should be clear from the context which is 
meant. 



its complex conjugate, and 



yi k xf'^^A <-, X* \ kA \ rfc \ jA ' 



^\^\\fK,A + \^]\fKiA + \mb) - b]8\)\fK,A ■ (2.7) 



In the absence of the vector multiplets, the C/(4) curvature collapses to f7(l). The dimension-one 
SO{n) curvatures are 

Ral^AB = --£al3£'^ £*'' ' ^^kA^SlB , ^afijAB = —^^^[A^ajB] + Sj^0[A^akB] ■ (2-8) 

As well as the geometrical tensors there are (complex) spin-one field strengths for the su- 
pergravity vectors, Fij, and for the n vector multiplets Fj^. For the scalars there are one- form 
field strengths P and PijA- These fields obey the Bianchi identities 

DF,j =PA Fij + PijA A F^ 

DFa = PAij A F'' +PAFa, (2.9) 

where antisymmetric pairs of SU{A) indices are raised or lowered with ^e*-' . The one-forms 
are covariantly constant, DP = DPijA = 0, where D is covariant with respect to the local 
[/(4) X SO{n). These forms are given by 

P = Erx:, + E''Pa 

PijA = E^^^aj]A - 2"^° ^ijkAaA + E"'PaijA , (2.10) 

where the leading components of the dimension-one fields Pa can be thought of as the superco- 
variant derivatives of the scalar fields. 

The non- vanishing components of the two-forms Fij, Fa are given by 

F^^ ui — -27(^*-' 



-F„,., «« ,., = -ie^pMa^pkl + jSapeijklXiA^f ; ^ad,/3/3,A = -i^o^fi^al^A - «ea/3A(^^^X^) 



The U{A) and SO{n) curvatures can be expressed in terms of the one-forms by 



-S^.P AP--1 
2 ^ 2 



ff, =-^6]P A P - ;-e''"'''P± A P,,A , 



RAB = -y'''PijiA/\Pki\B] ■ (2.12) 



2 



2.2 Scalar fields and supersymmetry relations 

The scalar fields in the supergravity sector take their values in the coset SO{2)\SL{2,M.) and 
can be described by an SU{1, 1) (— SL{2,W)) matrix V. The Maurer-Cartan form dW^^ can 
be written 

where Q is the composite U{1) connection. The scalar matrix V can be parametrised in the 
form 

/ u ut\ 

V = 2.14 

\UT U J 

where 

UU{l-Tf) = l . (2.15) 

The U{1) gauge-invariant complex scalar superfield T can be considered to be a coordinate of 
the SO{2)\SL{2,M,) coset on the unit disc. T is chiral while 



and 



Paf^ = <pU^DaT . (2.17) 

The scalar fields in the vector multiplets parametrise the coset (50(6) x S0{n))\S0{6,n). 
They can be represented by an 50(6, n) matrix U obeying the constraint lA'qhl = i], where r/ 
is the 5*0(6, n)-invariant metric in R '". If we set 

U={^'\ V^ (2.18) 

where the pair ij represents an 50(6) vector index, A is acted on by SO{n), and / run from 1 
to 6 and / from 7 to n + 6 and together make up an 50(6, n) vector index, and where 

^ij — -^^ijklU , Vij = -SijklV , (2-19) 

then the 50(6, n) constraint can be written 

SiM/Va^ - SjjVi/UB^ = , y'^''%/Vki-^ - S^^'UaW = , (2.20) 

6jjU/Ub' - SijVa'Vb' = 6ab , S^^'Ua'Ub' - le'''%'vj = 5'' . 

Here, and elsewhere in the text, the indices A, /, / and ij are raised and lowered with the 
appropriate Euclidean metrics (and ^e*-''^'' for the ij). We have 

DUU-^ =1 " ' 1 (2.21) 




where P = PijA is the one-form given in (2.10). In components, these Mam'er-Cartan equations 
read 



1 

2' 



DakUij = -^ijkl^aA^ i DakVij = -Eijkl^aA^ ) (2.22) 



and 



DaiUj = \{^Vi/ , D^iV/ = ~Xi^Ui/ . (2.23) 



The supersymmetry variations of the dimension-one-half fermions are given by 



Dm4 = -iSlPpa , D\x'p = -le'^^'M^pki - \e^[se^^X^XlA , (2.24) 



and 

DaiXjSjA = '^iP/SaijA , ^a^lSjA = ^]Mai3A + ^a/S^"'^ {K.AX^j " ^^}^&AXi3k) ■ (2.25) 

In this paper we shall also need the spinorial derivatives of the some of the dimension-one fields. 
These are 

D,kM^^ = X(„.A;;^^Af - ^x^^A^Af + ^e^^^%,(.^),,,^Ar 

^l^aPijA = 2^-ta [h^'^'"'^$5pq^A + '^X0[iXsj]AX " ^^B^S[i^J]A) ~ l\[i^aj]BX^^ 

+4(^/3(«Vb1A + ...) , (2.26) 

where the dots state for terms involving the matter fields that will not be relevant for our 
computations and p* ■. is the gravitino field strength. To compute these derivatives, one uses 
the supersymmetry algebra as defined in [42] for A/" = 4 supergravity coupled to six vector 
multiplets, and one extends the corresponding expressions to n vector multiplets using the 
SO{n) symmetry. It turns out to be helpful to use such expressions to compute first the torsion 
[42], and then to make use of the C/(4) x SO{n) covariant supersymmetry algebra in order to 
obtain the expressions for n vector multiplets. 

2.3 Harmonic superspaces 

Since we shall be interested in investigating F-term invariants in the full non-linear theory, 
we shall need to know which sub-superspace measures are available. The simplest possibility 
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is chiral superspace, and we know that the supergravity scalar fields T, U are indeed chiral. 
However, these are in fact the only independent chiral superfields due to the the fact that 
the dimension-one-half torsion is non-zero. This is similar to IIB supergravity, where it is 
known that there is no chiral measure for similar reasons. The other possible measures can 
be investigated using harmonic-superspacee methods. In flat superspace, we recall that a G- 
analytic (G for Grassmann) structure of type {p, q) consists of a set of p Ds and q Ds that 
mutually anti-commute, and that such sets can be parametrised by the coset spaces (JJ(p) x 
U{JV— (p+q)) X U{q))\U{jV), which are compact, complex manifolds (flag manifolds) [46, 35, 47]. 
Harmonic superspaces of type {JV, p, q) consist of ordinary superspaces augmented by the above 
cosets. Analytic superspaces, which have 2{j\f — p) + 2{M — q) odd coordinates as well as the 
harmonic cosets, are generalisations of chiral superspace on which {p, q) G-analytic flelds can 
be deflned in a natural way.^ In curved superspace one has to check that the corresponding 
sets of odd derivatives, suitably extended to include the harmonic directions, remain involutive 
in the presence of the non-trivial geometry. It turns out that this is only possible when both 
p, g < 1 for AA > 4, but for 7^ = 4 one can also have {p, q) = (1, 1), (2, 2) or (1, 0), (0, 1) [50]. 

Let us consider first (4,1,1) harmonic superspace. The harmonic variables, u^i,u^'i,u'^i 
(and their inverses u*i,tiV,^*4), where r = 2,3, can be used to parametrise the coset of C/(4) 
with isotropy group (U{1) x C/(2) x U{1)) in an equivariant fashion. The first obstruction to 
involutivity vanishes because T^\^ = (where quantities with indices (l,r, 4) are projected by 
means of the appropriate harmonic matrices), but we still need to check that the dimension-one 
curvatures do not cause problems. It is straightforward to show, using (2.6,2.7), that no further 
obstructions to involutivity arise because 

^Q/3, r = Ral3, 4 = Ra/sJ 4, = , (2.27) 

and similarly for R^a^ ^i and R^^a^ ^i , for the same projections of the Lie algebra indices. The 
(4, 1,0) (and (4,0, 1)) cases are also fine. For the former, one splits the index into (1,?*), r = 
2,3,4, and the only possible curvature obstruction involves i?^l ^r, which clearly vanishes. 

For (4,2,2) harmonic superspace, the relevant harmonic coset is {U{2) x C/(2)) \ f/(4) for 
which we define harmonic variables {u^i^vl'i) and their inverses [u^r^u^f) where r = 1,2 and 
f = 3, 4, with 

u'\u\ = 51 , n'.v's = , n^u% = ^ , (2.28) 

where unitarity implies that, e.g. , uV = ^r*- 

G-analyticity of type (2, 2) is allowed [50] because the appropriate projections of the dimen- 
sion one-half component of the torsion are 

T^4^' = u.'ujWUy" = (2.29) 



^Further discussions of harmonic or projective superspace techniques in J\f — 2 supergravity theories can be 
found e.g. in [48, 49]. 
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while the dimension-one components of the Riemann tensor satisfy 

-^a^ u = ^arPs ^ ~ -^a/3s « = ■ (2.30) 

Although the torsion and curvature tensors are compatible with involutivity for each of 
the above cases, harmonic-analytic fields will transform under non-trivial representations of 
the isotropy groups and there are constraints on the allowed representations that arise because 
of the non-vanishing components of the dimension-one curvature components restricted to the 
isotropy sub-algebra. It is straightforward to check that the representations under which pu- 
tative integrands must transform are allowed. For example, in the (4, 1, 1) case, a G-analytic 
integrand should be of the form O^. Such fields are allowed because R\,^^i = Rag^^i- In 
the (4, 2, 2) case there is again no obstruction to the existence of a G-analytic superfield of the 
correct ^(1) weight, because 

-^a^ i = , Ra'^p £ = , i?^^- t = -XaX^g ' ^a^s i = "XaX/j^ • (2-31) 

In other words, the su(4) curvature decomposes as the sum of two su(2) curvatures. 

In all of the above cases one can define measures for G-analytic fields by means of expansions 
of the Berezinian of the supervielbein with respect to 2p -I- 2q normal coordinates. This will be 
done explicitly for (4, 1, 1) case later on; it is more difficult for (4, 2, 2) but it is clear from the 
construction that such a measure does exist. These integrals are the curved-space versions of 
integrals over analytic superspaces in the flat case. 

3 Invariants in J\f = 4 supergravity theories 

3.1 Linearised invariants 

We begin with a brief survey of invariants constructed from the on-shell linearised fleld-strength 
superfields that transform as primary superconformal fields. For A/" = 4 the superconformal 
algebra can be taken to be su(2, 2|4) but the abelian subalgebra generated by the unit matrix, 
i.e. R-symmetry, does not act on superspace - only the quotient algebra p5u(2,2|4) does. The 
quantum numbers associated with the latter are the dilation weight, L, the two spin quantum 
numbers, Ji, J2, and three Dynkin labels (ri,r2,r3) specifying an su(4) representation.^ The 
chiral supergravity field strength superfield W has L = 1 and will also be assigned R = —1. (W 
is the linearised limit of T and we use the U{1) gauge in which U = ^ = 1 + 0{TT).) The 
vector-multiplet fields strengths Wa have L = 1,R = and transform in the [0,1,0] of su(4). 
Note that the U{1) symmetry of supergravity is not part of the superconformal symmetry for 



®The superconformal dimension L of a field is its canonical one, while the dimensions used in the full theory 
are geometrical, e.g. scalars have L = 1 but geometrical dimension zero. 



12 



AA = 4; it has been referred to as U{1)y in the hterature [51]. It does act on superspace, 
however, since it can be considered as a subgroup of [7(2, 2|4) [52]. 

The invariants are integrals of monomials in the field strengths and their derivatives. These 
can be put into representations of the superconformal group, either primaries or descendants. 
Because we are integrating, we need only consider the primaries, and since primaries with non- 
zero spin quantum numbers do not have Lorentz scalar top components, we can restrict our 
attention to primaries with Ji = J2 = [17]. An important class of invariants consists of those 
that are short, or BPS. These correspond to the unitary series B and C representations with 
Ji = J2 = 0. The series B unitarity bounds are L -\- R= im, or L — R = 2mi — ^m, together 
with L > 1 + mi, while for series C we have L = mi, R = -^m — mi, where mi = ^j^r^ is 
the number of boxes in the first row of the su(4) Young tableau and m = ^f, krt is the total 
number of boxes [53]. In fact, the series C representations do not involve the supergravity field 
strength and thus have i? = 0. 

The simplest pure supergravity invariants are the chiral ones, W^, and of these only p = 2 
gives rise to a U{1) invariant integral. This is the linearised R^ invariant and is in fact a 
total derivative on-shell. We can also construct (4, 0, 2) invariants with integrands of the form 
-^0^12-^12 "^^"''^j for p > 0, although only the one with p = —2 would be U{1) invariant (and 
is also a total derivative) . The corresponding chiral primaries are of the form 

(3.1) 
where the three terms define integrands that are equivalent up to total derivatives. These are 
series B with L + R = 2 and su(4) representation [0, 2, 0]. The pure vector-multiplet invariants 
were considered in [11]. Here, we must insist on 5u(4) symmetry (and so{n)), and there is only 
one one-half BPS invariant WaW^WbW^ in the [0,4,0] representation of su(4). It can be 
integrated over an eight-theta measure, either as a super-invariant, or in {M,p,q) = (4,2,2) 
analytic superspace. There is also only one one-quarter BPS invariant. It is W\aWb]W^W^ 
in the representation [2, 0, 2]. It can be integrated with respect to a twelve-theta measure as a 
superaction or as an integral over (4, 1, 1) analytic superspace. 

We can also have mixed supergravity-vector invariants. Since W is chiral the short ones in 
this series will be chiral with respect to fewer than four dotted derivatives. The simplest case 
is (4,0,2). Invariance with respect to su(4) means that we should have WaW in the [0,2,0] 
representation. This superfield is the energy-momentum tensor for the vector multiplet. It can 
be defined on (4,2,2) superspace, but if we multiply it by some power p of W, then we get 
superfields of the required (4, 0, 2) type. This series of superfields has L = p + 2, R = —p, m, = 
4, TTii = 2 and saturates the series B bound. Note that one must have p > 2 since otherwise 
the integral would give zero due to the second-order constraint on W. 

The final possibility for BPS invariants is (4,0, 1). In order to ensure su(4) symmetry we 
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require two powers of Wa, but also two undotted spinorial derivatives. The representation 
has L = p + 3, for a factor of W^, p > 2, and must be in the [0, 0, 2] representation which 
has nil = 2, m = 6. These fields again satisfy the series B bound. If we define the energy- 
momentum tensor superfield by 

Tij,M = -W^^.W^^A (3.2) 

then the primary linear combination is 

O^j := 2Tij^ki D'^'WP + {p- l)D^^Tij^ki D'^'W^ + -^p{p - 1)D''%,m W^ , (3.3) 

where D^^ := D^^D"^ . The analytic superspace integrand is O44 = Oiju'^^u^^. 

Note that the (4, 0, 1) and (4, 0, 2) chiral primaries give rise to invariants that reproduce 
(4, 2, 2) harmonic integrals discussed in [54] 

3.2 Dimension-four invariants: R^ and F"^ 

We shall now analyse the various nonlinear invariants in A^ = 4 supergravity starting at dimen- 
sion four. 

3.2.1 R^ invariants in pure supergravity 

The first possible on-shell invariants in pure A/" = 4 supergravity are all of generic R^ structure. 
Although the relevant 5L(2,M) invariants vanish on-shell for trivial spacetime topology [74], 
there do exist non-vanishing invariants with a non-trivial dependence on the complex scalar 
field. 

Because both tj and T are antichiral, one might think that one could define R^ type invari- 
ants from an anti-chiral superspace integral of the kind 

(fx(fe£U^F^-'\f) (3.4) 

for some antichiral measure d^6£. However, owing to the presence of the dimension one-half 
torsion component, U and T are the only fields satisfying the antichirality constraint, and 
such a naive measure does not exist. This should be compared to the attempt to construct 
a superspace-integral i?^ invariant in type IIB supergravity [55], a construction that similarly 
failed owing to the lack of a chiral measure, again due to the presence of a non-trivial dimension 
one-half superspace torsion component [56, 57]. Nevertheless, in D = 4, A/" = 4 one can 
define invariants involving U and T from closed super-four-forms using the ectoplasm formalism 
[58, 59, 60]. These depend on an arbitrary holomorphic function J-"'"' which one can intuitively 
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think of as being the second derivative of the function T'^ ^'. In pure supergravity, super- four- 
forms can be expanded in terms of the supervielbeins as follows 

+ ^^f A El A i?^ A EtM^^\, + \e'' a El A E^^ A EtM^^.^ . (3.5) 

The property that this be d-closed implies that its pull-back to the bosonic component of super- 
space i* C\F\ defines a supersymmetric density, because variation with respect to local supersym- 
metry in space-time is then ensured to be a total derivative [58, 59, 60]. The pull-back is simply 
obtained in components by replacing the supercovariant components L,. . . , M^^a c, M*-' . by 
their evaluations at ^ = 0, such that 

i*C[T] = ^Sabcde'' A e^ A 6^= A e'^L]^^^ + • • • 

+ ^^f A VZ A Vf A CM^;|,^„ + l^p'^ A ^^ A vf A C^^^J.^o ' (3-6) 

where ipf (= -Ef |5i=o in the Wess-Zumino gauge) is the gravitino one-form. The main advantage 
of the ectoplasm formalism is that all possible invariants admit, by definition, a cocycle repre- 
sentation, irrespectively of whether they can be defined as superspace integrals (also without 
involving prepotentials in a hypothetical off-shell formulation). Moreover, in order to prove the 
existence of such an invariant, one simply needs to check the lowest-dimension component of 
its d-closure, as we shall now demonstrate. The differential decomposes into four components 
[61] 

d = do + di+to + ti (3.7) 

of bi-degrees (1,0), (0,1), (—1,2) and (2,-1) respectively (where the first degree refers to 
the degree in the even basis forms £"*, and the second to the degree in the odd basis forms 
(£'",£'"*)). The first two components of d are respectively even and odd differential operators 
while the other two are algebraic, involving the dimension-zero and dimension-three-halves 
torsions. The latter is not relevant to the present discussion, while the former can be defined 
in terms of the contraction operator icE^ = 6'^ and the dimension-zero torsion, given in (2.1), 

by 

toLp,, = -£;« A Ef r ^^.^ A L,Lp,, . (3.8) 

Since d^ = it follows that to is nilpotent so that we can define cohomology groups Hf''^ 
[61]. This means that we can analyse superspace cohomology in terms of elements of this 
group, in any spacetime dimension; see, for example, [61, 62, 63, 64, 65].'^ A key feature of 
D = 4 is that the only non-trivial to-cohomology groups have p = for J\f > 2. Since to 



'^This approach to superspace cohomology is related to pure spinors [66, 67, 68] and also to the cohomology 
of supersymmetry algebras [69, 70, 71]. 
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maps onto lower-dimensional superform components, the lowest-dimensional component of a 
cocycle must itself necessarily be to-closed, and one can remove any to-6xact component from 
it by redefining the cocycle by the addition of a trivial cocycle, £ ~ £ + d^. In A/" = 4 
supergravity in four dimensions the only non-trivial to cohomology classes have bi-degree (0, 4) 
and correspond to irreducible representations of S'C/(4) for which the Dynkin labels [?'i,r2,r3] 
satisfy ri -|-2r2 + r3 = 4. It is straightforward to check that all the irreducible representations of 
SU{4:) for which the Dynkin labels [ri,r2,r3] satisfy ri + 2r2 + r^ < 2 are to trivial, because they 
necessarily contain an SU{4:) singlet that can be identified with E^^ AEf'.^ The first non-trivial 
cocycle equation therefore states that 

diCo4T]+toCi^3[^]=0 . (3.9) 

Using d^ = together with toCo^J^] = one then has 

to{doCo4J^] + di£i,3[-F]) = , (3.10) 

and because there is no tg cohomology class at bi-degree (1,4), one concludes that there exists 
an £2,2 [-^] such that 

doCo^T] + diCi-s[T] + toC2,2[J'] = . (3.11) 

Similarly, for the other components one obtains 

tiCo4T] + doCi^T] + diC2,2[T] + toC3,ilT] = 
ti£i,3[-F] + doC2,2[T] + diCs^T] + toC4,o[T] = 

tiC2,2[J'] + doC3,i[T] + di£4,o[-^] =0 . (3.12) 

Therefore, the property that diCo^-^] ~ in to-cohomology is a sufficient condition for the 
existence of the entire cocycle.^ 

In D = 4 we can further split the odd indices into undotted and dotted indices, so £0,4 = 
Md,4,o + -^0,3,1 + • • • -A^o,o,4- In the case of the 'anti-chiral cocycle' C[T] one can set Mo,2,2 = 



*In general, one can decompose a component of bi-degree (0, n) into the corresponding (0, p, q) components of 
degree p in E" and q in E^^ . For the components of degree (0, n, 0) and (0, 0, n), the symmetric tensor product 
of the associated representation decomposes into irreducible representations of Sf/(4) satisfying ri + 2r2 + rs = n 
because the antisymmetrisation of three SL{2, C) indices vanishes. For any other degree, the property that 
ri + 2r2 + r-i < n implies, for the same reason, that the corresponding form includes a factor JS^' A Ef , and 
therefore that it is io-trivial. Indeed, the only way to have lower values of ri + 2r2 + r-j, is either to have such a 
contraction, or to have three SU{A) indices antisymmetrised. 

''Note that £0.4 determines an element of the spinorial cohomology group H*^'^ which consists of non-trivial 
elements of H^ ' satisfying iii£o,4[-^] ~ in to-cohomology. 



16 



Mo,i,3 = Mo,o,4 = and (3.9) becomes^° 

i)j;m^^, + 2r^^^'?M|5,^+ c ^0 (3.13) 

Dr,M'',, + ^Dl^Mf^\.^+ O ^0 (3.14) 

^D,,Mf^^^^ + T^,^,,lMil^:;^+ O ^0 (3.15) 

where ~ means equal in to-cohomology, and + O denotes the appropriate sum over symmetric 
permutations of the sets of indices {„ i ^^^ } and { -^ ^^ ■ }. At bi-degree (0, 5), the to-cohomology 
consists of all irreducible representations of SU{4) for which the Dynkin labels [?'i, ?'2; ^3] satisfy 
ri + 2r2 + rs = 5. 

After some work, one verifies that such a cocycle exists for any holomorphic function, T^°\ 
with lowest components 



+ gf/-'(5-^^:^)a-F(°'(^)e^^'^%'='^^XapX;3,X?xf) +0 (3.17) 



and 



^%i = Qe^,^fl{T^"^{f)M^, - lu~'dT^'\f)e^'''Xs,X,,) + O . (3.18) 

The computation goes as follows: (3.16) requires that 

^S,5i = (^x',e^pM^^si+ O (3.19) 

for some M^^ ^j^ in the ^ of 5C/(4). Then (3.15) requires that 

EapD^kM'^^i « ea(se^s^''ki. (3.20) 

for some N^^ ki in the ffl of 5'f/(4). Because of the dimension-one-half component of the tor- 
sion, this equation is very constraining; the general solution depends on one anti-holomorphic 
function 

M'^sk = xi{^''\T)M^. - li7-29^(o)(f )ew.^.^^.^) . (3.21) 

Both (3.13) and (3.15) separately determine M^g c as functions of M*"* ■ in a consistent way. 



and (3.14) is satisfied for both M^^^ and M*-' ' . individually. 

One easily checks that, for J^'"- = 1, the chiral superform is just R-i A R"'" so that, in 



general, this invariant includes the term 



£[^(0)] ^ jrm(^f)R.g A i?"^ + . . . . (3.22) 



^''A true anti-chiral cocycle in flat superspace would have only Mo, 4,0 non-zero. 
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This invariant is of course complex, and the associated real invariants will be obtained from its 
real and imaginary parts, which are respectively even and odd with respect to parity. 

This may seem very different from the example of the type IIB superstring 8^'^\T,T)R 
invariant, for which the function £^^°' is also known to satisfy a Poisson equation [72]. However, 
note that any holomorphic function of this kind necessarily satisfies a Laplace equation 

A^(«'(f) := (1 - Tff^^F^'\f) = (3.23) 

although this property was not used in checking the cocycle structure. 

The generalisation of these pure AA = 4 supergravity cocycles to AA = 4 supergravity coupled 
to n vector multiplets is rather complicated, and requires a discussion of the dimension-four F^ 
invariant. 

3.2.2 The F^ invariant 

The F'^ invariant in flat (4,2,2) analytic superspace was given in [11]. Here we show how to 
extend this result to the curved case. Because this superspace exists in the curved case there is 
no problem writing down this invariant in a similar way. However, it is not manifestly invariant 
under the 50(6, n) duality symmetry which is rather difficult to show directly. Nevertheless, we 
can show that this symmetry holds, as it must (because there is a known one-loop divergence), 
by use of the ectoplasm formalism to deduce that the analytic superspace integral is indeed 
duality-invariant by uniqueness. 
One can easily check that both 

C/3/ = ie-nW,C/,/ and vj = ]^e'''u^uhV^/ (3.24) 

are G-analytic. Because of (2.20), one has 

5i.jU^a'U^a^ = SjjVjv^J (3.25) 

and we obtain the unique U{A) x SO{n) invariant G-analytic integrand with the correct U{1) 
weight: 

5(1) = j d/X(4,2.2) (SjjVjvJ) ' . (3.26) 

The associated top component then clearly contains a term in F'^ 

£(1) = e{5^^5^^ + 25^^ 5^^)M^paM'^^ bM^^(.M^^ D + ■■■ (3.27) 

and yields the one-loop counterterm for the matter vector fields. One proves, using supercon- 
formal representation theory, that this is the unique U{A) x SO{n) invariant at this order [11]. 
It follows that this invariant must actually be invariant as well under 50(6, n), despite the fact 
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that the integral formula (3.26) does not display this symmetry manifestly. To prove directly 
that this is indeed the case, one would need to show that 

f d/i(4,2.2) Sj^i^V^/Vs^^Usi^VsJ = . (3.28) 

In the linearised approximation, the integral of (W34)^ over the (4, 2, 2) measure is indeed 
invariant under linearised duality transformations, i.e. constant shifts, since (W34)^ is ultra- 
short. If (3.28) were not zero, it would necessarily start at five points with the linearised 
invariant part of it defined as the integral of (^^34)^ over the (4,2,2) measure, and there 
could also be a contribution from the integral of (^34)^ component over the non-linear (4, 2, 2) 
measure; in principle, these might cancel each other, and indeed they do. However, this would 
be very complicated to check in practice. Instead, we shall show that there is a duality-invariant 
cocycle 

£(1) = ^EabcdE" AE^A E'' A E'^L^-^^ + ■■■ + ^E^^ A E"''' A E^ A EfM'^f^-^gi 

+ Y4^f A El AE^A EtMi^\, + \e^^ A El A E^ A Efuf^^^^ + c.c. (3.29) 

associated to this invariant. Within the linearised approximation, one finds that the naive 
representative of this cocycle obtained from the one-half BPS supermultiplet in the | | | | | of 
SU{A) [4] does depend explicitly on the scalar fields, and so looks non-shift-invariant. For 
example (with W^^ a = V^^ jUa^), one has 

X (W'i aW^' bM.^^cM'^^ + W'^AM^%e>''P'^Xr,pcX^,D + e'''"'e'''''X,pAX^,BKA) (3-30) 

projected into the ^ of SU{4:). However, one can trivialise the components depending explicitly 
on the scalar fields by adding the exterior derivative of a 3-form with (0, 3, 0) component 

^^7 ~ e«/3 {S^^'S^'' + 25^^<^^^) (w'^AWBX'lcM-ySD + W^UXfsE^^P'^X^pcXs.D) (3.31) 

projected into the p. Here, formulae (3.30,3.31) are only indicative, and the specific coefficients 
have not been precisely established. 

To prove that the complete non-linear cocycle can be chosen to be duality-invariant, we will 
compute its fermionic components directly. One finds that 



M^^ ■ --- JxAB^CD ^^^ACxBD 



c.,,,si - 2^«/3 (^^^^^^ + ^^^""^n >^Ia\ib^c~^'L + O 



+ 2S^('^ '^ + ^^'''^^n^U^'EKlkcXmD + O (3.32) 
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(3.33) 





(3.34) 





(3.35) 



together with their complex conjugates. The cocycle equations are then satisfied, i.e. 

Equation (3.33) consists of one single term in xAaAJ in the [1; 0|1, 2, 0]. Equation (3.34) includes 
a term in Pa^a ^^ ^^^ [0;1|0,2, 1] and a term in X^jAj in the [2;1|2,1,1]. Equation (3.35) 
includes two terms in X^XaPa in the [1;0|1,2,0] and the [1;2|1,1,2], one term in x^a ^^ ^^^ 
[1;0|1,2,0], and two terms in xA^AJ in the [1;0|1,2,0] and the [1;2|1,1,2]. 

Because the cocycle is unique in cohomology, the property that we can find a duality in- 
variant representative is enough to prove that the integral (3.26) is duality invariant. 

3.2.3 R^ type invariants with vector multiplets 

In this subsection we will generalise the cocycle derived in Section 3.2.1 in the presence of vector 
multiplets. As we shall prove, the cocycle is still anti-chiral in the presence of vector multiplets, 
but in a weaker sense, i.e. only Mq^i^s = Mo,o.4 = 0. The other lowest-dimensional components 
satisfy 

^T^^0/qM^'sUp + 3D^pM^^Sa^^,+ O 

The last condition (3.40) is purely algebraic, and requires that 

M'4^m - ^XI^N^MW - '^X^^^ul ' (3-41) 

for some operator symmetric in exchange of the pairs of indices {7A;, bV\. One computes that a 
(1,3) component satisfying the corresponding (0,5) constraint T_i^2-A^i,3 ~ is necessarily of 
the form Mi^3 k, T^i^2^2,i, whereas (3.41) is generally not of the form T_i^2-^3,o-^^ Therefore 
one can think of (3.41) as a T-1^2 cohomology class characteristic of the cocycle. Equation 
(3.39) then requires N^-aX to satisfy 

Da^N^^.,'s + O ^ -e^^SijpqN^k^'i^s + O , (3.42) 






(3.36) 





(3.37) 





(3.38) 





(3.39) 





(3.40) 



^^Here, the numerical subscripts denote odd indices and T-1^2 is the dimension-one-half torsion with an upper 
undotted index. 
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so that M-^^i has the form 

M^^^^^, « 6e^^ (iV,/^-^ + x'.M^'si) + O , (3.43) 

where the second term defines a degree (3, 1) T_i^2 cohomology class as in Section 3.2.1. One 

- . / 

ai$jS 



finds that the unique solution for N--aA at this dimension is determined by an arbitrary anti 



holomorphic function J-{T), 



^mpI& = Hf) {2Xp,\i\'aA - X^Xf^X'^;) + O . (3.44) 

One then computes that 

+ l^.,p,f7-2^^(^)-.^-.^^^A:A^^^^ . (3.45) 

The next equation (3.38) requires that M*-'^^ is still given by (3.21) and implies that 



r/,- ,-, iGradkl , ^ 



U-'dTiT)e^^PnXapXpM'-''' + e^'-^apX^A^.A 



4 



'sA 



1 _ _ 07^ _ _ A 

+ gf/-'(5-Y^^)5^<"H^)e^^'^%'^'-XapX^^X?xfJ +0 . (3.46) 

One can finally check that the cocycle built in this way also satisfies (3.36) and (3.37). The 
final expressions for the other components take the form 



+ U-'dHf){-lx';x'ie''''Xs,Xv, + ¥'''XsiXr,iX^'^X,,A)'^ + O , 

KUk5i^^nT){2xU^xsk>^Mu-^^^'^tiHA)-^^i^^^^^ ■ 

(3.47) 

For J-[T) = 1 one must get a supersymmetry invariant that preserves duality symmetry, and 
indeed, one can recognise that the (0,4) components of C[F] for J^ = 1 can be identified with 
the ones of 

£[1] « i? .^ A R^f' + \r^^ a Rab + \C''' - d( \e'''' AE^A Ef e^pxmiX^,^ , (3-48) 

where £^^' is the cocycle (3.29) defining the F^ invariant. The total derivative on the right- 
hand-side can be disregarded in cohomology, but we display it as it appears in the computation. 
The second term can be rewritten thanks to (2.12) as 

-e'^^^PijA A PkiB A -t 



i?^^ A Rab = ^e'"''P^JA A Pmb A -e^^^'^P/, A P,^ , (3.49) 
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which is the exterior derivative of a globally defined Wess-Zumino like term. The real part of 
£[1] is therefore locally a total derivative, but its imaginary part includes the F^ type invariant 
in presence of vector multiplets. We conclude that the invariant is in general of the form 

C[T] « J-(r) (i? . ^ A R^f^ + \r^^ a Rab + \C^'') + . . . , (3.50) 

where the dots correspond to terms involving the derivatives of the function T only. Supersym- 
metry therefore implies that the function of the complex scalar r multiplying the F^ term in 
the effective action is the same as the one that multiplies the Gauss-Bonnet invariant. Overall, 
the -F^ threshold function is the sum of the real part of a holomorphic function of r and a 
function that only depends on the other moduli parametrising S'0(6,n)/(S'0(6) x SO{n)), and 
which itself satisfies other constraints that we shall not display in this paper. 

3.3 Dimension-six invariants: d^F'^ and R^F^. 

It is well-known that there are no R^ type invariants in supergravity [73], but in the presence of 
vector multiplets one can have invariants of types d'^F^ and R?F^. These can be constructed 
using analytic superspace. For r = 2, 3 one has the (4, 1, 1) G-analytic superfields 

Uir^ = uUuKUi/ , V4r^ = u\u\.Vi/ (3.51) 

and one can define the unique t/(4) x SO{n) invariant at this order by 

5^^' = j dfi^,,,,^e'-'e'^vJvJv^^jV^^j . (3.52) 

Note that this integrand is antisymmetric in / and J, and hence can only exist if one considers 
at least two vector multiplets. This invariant clearly includes a d'^F'^ term [11], but there is no 
a priori reason why it should be fully 50(6, n) symmetric. Nevertheless, it could be that it is, 
as in the case of the F^ invariant. 

One can also consider (4, 2, 2) integrals of dimension-two G-analytic integrands. For a 
generic function F of the complex scalar T, one can consider a G-analytic integrand of the form 

'C(4.2,2)[-^] = -F(r)L(°' + u^^dFif)L^''^ + u~'^[d'^Fif) ^aj-(r)JL<*) 

+ [7-6 ^B'T{T) - -^d^F{f) + ^-^-^dF{f)) L(«) . (3.53) 

Here the derivatives of the function F are covariant Kahler derivatives. The G-analyticity 
condition requires that 



(3.54) 



';l<«^ 


= 0, 


-LJo^f-ij — 


= 0, 


,.i(.) 


= 2xl,L^'' , 


Uo^f-ij — 


~ "Xtir-^ ) 


,.^(4) 


= 6x;L'«) , 


-Ly^ip-Lj — 




,.^(.) 


= 0, 


DafL'-'^ = 


- _v.,r(4) 
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This sequence will stop at weight 6 provided that the last function satisfies 

XarL''^ = . (3.55) 

The existence of the functions L^^"' is consistent with the supersymnietry algebra thanks to 
this last condition, because it implies that 

{Z);,5^jL^-) = 2nx;x^,L(-), (3.56) 

which is consistent with (3.54), but not for L'-^^ unless (3.55) applies. It follows that L'""' must 
be proportional to x^i and because it must also be annihilated by D^, the only solution (at this 
dimension) is 



1 

Because the first factor {Vs^)'^ is itself G-analytic, we shall consider the ansatz 



L'"' = -r^^ijy^^'y^^'^''^'''XarXp,xtxl . (3.57) 



L(2") = 6fjVu^Vu-^X^^-^^ , (3.58) 

where the four functions X'-^"'' are required to satisfy (3.54). The solution is 
1 



e e Xc^rXps^i Xu . 



Y(6) _ J_^rs tu 

12 

\^(2) _-*- Ji~rl2 7\7ra/312 I -*- rs <-A<}^\'rA\s _i_ „■ pA fs-fi \a '^ rs tu\A \a \B \P 

-r(O) — P^ P"/3 A/f \^^\P A7fl2 \alA\/92 

A - -^^p^^^ 34A - 2^"/334A3 \^ - l^^^^X \^ 



^r^aA-, \l3s i- .[A .aB]y^l T/32 /"J r;Q^ 



Note that X'°^ is real with respect to harmonic conjugation, as defined in [35, 50], so that this 
invariant is real for F = l}^ This is the only invariant of this class that is also invariant with 
respect to S'L(2,R) duality symmetry, and one can prove that it is in fact (3.52). Indeed, one 
knows from the linearised analysis that there is only one SL{2, H) R-symmetry invariant at this 
dimension, and one can verify that the two expressions coincide in the linearised approximation. 

For a general monomial function in T, -F[T] = — pY^^^^i the linearised integrand is 

W,iWs,A{lw^MllM-^''+pWP~'Mllx^X^ + P^P-}lwP-h''e^^x^rXp,xM) 
= \D^3mD^,Dl (^.^-^^^-^wAWuaW^^^) . (3.60) 



^^This follows from the property that X'"' — u^^u'^^u' iu'' 4,Xij^ki for an operator Xij^^i in the real [0,2,0] 
representation oi SU(i), i.e. X^^'''' = ie^^^^e^'^Xp,,™. 
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In the linearised approximation, this invariant is therefore associated to the (4, 2, 0) integral of 
the one-quarter BPS integrand W'^W34aW^~^'^ satisfying 

Da{ ^p+2Kp+l) W3iW3AAWP^') = . (3.61) 

One straightforwardly computes that the corresponding (4, 2, 2) integral gives rise to a coupling 
of the form W'^F'^E? in the linearised approximation, and therefore in general one has 

y d/^(4,2,2)/:(4.2,2)[-^] ~ j d^xe{T[f]d^F^ + C7-2a^[f]M„^^M"^^C'.^.^C'"^^^ + ...). (3.62) 

Of course this invariant is complex in general, and one must consider separately its real and 
imaginary parts to get a real invariant. Because the U{1) symmetry is axial, the real part is 
parity-even while the imaginary part is parity-odd. 

The dimension-six invariants we have discussed exhaust the possible chiral primary operators 
of S'[/(2,2|4) that can define invariants with six derivatives in the linearised approximation. 
We therefore conclude that the class of invariants depending on a general holomorphic function 
J-'(r) in this section includes all invariants at this dimension. 

3.4 Dimension-eight invariants 

3.4.1 R^ type invariants 

The pure supergravity invariants at this dimensions are of R'^ type [74, 75, 3, 4] and in D = 4 
arise at three loops. At this order, in AA = 4, examples of such invariants are given by full- 
superspace integrals of arbitrary functions of the complex scalar superfield T. To analyse these 
fully, including the case when vector multiplets are present, it will again turn out to be useful 
to use harmonic-superspacee techniques. 

Let us consider first (4, 1, 1) harmonic superspace. We can associate four odd normal co- 
ordinates with the four involutive odd directions, as in [12, 76], and use these to relate full- 
superspace integrals to integrals over the remaining twelve odd coordinates, i.e. over (4,1,1) 
analytic superspace. This programme was carried out in pure M = A and AA = 8 supergravities 
in [12] to show that the full-superspace integral of the Berezinian of the supervielbein, i.e. the 
volume of superspace, vanishes subject to the classical equations of motion. We refer to [12, 76] 
for more details; here, we simply state that the full-superspace integral of an arbitrary function 
H[T, T) can be rewritten as 

I d^xd^^e E H{T, T) = jf (i/U(4,i.i) {D^D^){DiDi) H{T, f) 

= \j d;U(4,i,i) (x'x')(X4X4) (A - 2)AF(r, f ) , (3.63) 

where, for any spinor '(/', {ipil)) = e'^^ipaip/1, and {"ipip) = e""ipa'ipg, and where we recall that 
A = (1 — TT)^dd is the S'L(2,IR) invariant Laplace operator on the unit disc. Clearly, this 
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integral vanishes if H is an eigenfunction of the scalar target-space Laplace operator with 
eigenvalue or 2, and in particular if H{T, T) is a constant, or more generally a holoniorphic 
function. Moreover, one straightforwardly computes that 

(A-2)A('-ln(l-rf)) = -2 (3.64) 

and therefore the full-superspace integral of K := In (l — TT^ is duality-invariant. This is 
the Kahler potential for the symmetric space SU{1,1)/U{1), and its full-superspace integral 
is duality-invariant just as it is in A/" = 1. This can be seen more easily using the coordinate 
X = ijjTp, in terms of which the Kahler potential is K = — ln(Im[T]). The latter transforms 
under 5L(2,M) as 

-ln(Im[T]) -^ -In (im "[^ ^ J = -ln(Im[T]) + ln(d + cx) + ln{d + cx) , (3.65) 

so that the integral of K remains unchanged because the full-superspace integral of any holo- 
morphic function of X vanishes. 

For any function G{T,T) we can define a (4, 1, 1) analytic superspace integral by 

s[G] = ^y"d/i(4,M)(xV')(x4X4)G(r,r) (3.66) 

because the integrand is G-analytic, i.e. annihilated by L*^ and D^i. This follows from the 
properties of x under differentiation and from the fact that D^^T = xii so that differentiating 
G leads to cubic (and hence vanishing) expressions in x^ or X4- 

A general supersymmetric invariant of this form can always be rewritten as a full-superspace 
integral of a function H that is a solution of the equation 

(A - 2) A H{T, f) = G{T, f) . (3.67) 

Given the results of Section 2.2, it is straightforward to check that the consistency require- 
ments for the existence of a normal-coordinate expansion associated to the (4, 1, 1) measure are 
still satisfied in the presence of vector multiplets. The computation of the expansion of the 
Berezinian of the supervielbein can be carried out exactly as in [12] in the presence of vector 
multiplets because the relevant components of the Riemann tensor are still determined by the 
unique G-analytic vector 

B^p = 2xiX/34 + Aj^A„4A = u\uii (2xL% + >^fKjA) • (3.68) 

We find 

E = £(l- lc"C''(2xix^4 + AJ^A„4a)) , (3.69) 

where (C, C,) are the normal coordinates, and £ is the measure on analytic superspace. 
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The full-superspace integral of an arbitrary function H(T, T) in the presence of vector 
multiplets can therefore be written 



Jd^xd''eEH{T,f) = iyd^,4,i,i)((/x')(X4X4)(A-2) 



+2iX,Ax')a'^X4) + \{X4AXt)iX'''X],)^^H{T,f) . (3.70) 

This integral vanishes if H{T, T) is a solution to the Laplace equation, and in particular if it is 
a constant. Hence, the volume of D = 4, A/" = 4 supergravity vanishes even in the presence of 
vector-multiplet coupling. 

A (4, 1, 1) analytic superspace integral for a general function J{T,T) can be written 



S[J] = iy"(i^(4,i.i)((xY)(A4X4)(A-2) 



- l{x'x'){xtx,A)u~'d-^{x4X4)CXA~x'^)u-'d 

+2(A4a/)(A1^X4) + ^(A4AAf)(Ai^Alj)) J(r,t) . (3.71) 

One can also integrate the square of the G-analytic vector B^a given in (3.68) to get an inde- 
pendent invariant: 

S,,, = I di^^,.,,,,B^^B"^ . (3.72) 

These are the only possible 50(6, n)-invariant G-analytic integrands for the (4,1,1) measure 
at this order. 

The duality invariant given in (3.71) for J = 1 can be defined as the full-superspace integral 
of the Kahler potential just as in the absence of vector multiplets. However, the duality invariant 
(3.72) can only be defined as an integral over (4, 1, 1) harmonic superspace. 

In the linearised approximation, only the scalar field T contains the Riemann tensor, and 
therefore only the term 

y"^^(4.M)(x'x')(X4X4) ~ Jd^xd^'eT^f^ ^ j d^C^p^sC'^^^'C^^.i^C^f'^' + ... (3.73) 

includes an i?^ contribution (where Cafs-yS is the Weyl tensor). 

These invariants are the most general 50(6, n) invariants that can be defined as (4,1,1) 
harmonic-superspacee integrals. However, this does not imply that they define the most general 
R^ type invariants preserving SO{G,n). For instance, the dimensional reduction of the ten- 
dimensional R'^ type invariant admits a coupling of the form Im(r)^i?^, whereas Alm(r)^ = 
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2Ini(r)^, and this is precisely the eigenfunction that cannot appear in (3.71). Note, however, 
that one could define a J = Ini(T)^ln(Im(T)) satisfying 

A('lm(r)2ln(Im(r))) = -{t - ffdd(lm{Tfln{lm{T))] = 2('lm(r)2ln(Im(r))) - Im(r)2 ; 

(3.74) 
such an invariant would have terms involving the logarithm of Im(T) in the d'^F'^ and d^F^R^ 
couplings which is not the case for the invariant obtained by dimensional reduction from D = 10. 
We shall see in Section 3.4.3 that the invariant obtained by such dimensional reduction can only 
be written as a (4, 2, 2) superspace integral, so that it is effectively one-half BPS at the non- 
linear level. 

Note that the linearised analysis suggests that one should be able to define an infinite class of 
invariants associated to the full-superspace integral of the linearised integrand W"' {^e^^'^^WijWki)'^ ■ 
One can check that this is indeed possible by solving the equation 

-(r - ffddJ{T, f) = 2 J(r, f) . (3.75) 

One can solve this equation as a convergent series in terms of a holomorphic function as 

1 °° 1-1- 

J{T,f) = -F{t) + ^(-l)P^^(r - ffd^Fir) . (3.76) 

p=i ^ '' 

Defining the function J as in (3.71), one will get by construction an invariant that does not 
involve any C'^C'^ coupling. Note, however, that the operation defining J from F does not 
preserve any modular property. The only automorphic function satisfying this Poisson equation 
is the real analytic Eisenstein series £2{t,t')- 

3.4.2 5^F^, [dFfR^ and {d'^TfR^ type invariants 

The structure that we described in subsection 3.3 can also be used to define eight-derivative 
invariants in (4, 2, 2) superspace. We consider the same construction as in (3.55) but with 

Because X'"' is itself G-analytic, it follows that the corresponding integrand >C(4_2.2) [-^] is G- 
analytic. As in the case of the d'^F'^ type invariant, for F = 1 the invariant can be rewritten as 
a (4, 1, 1) harmonic-superspacee integral 

y(i/i(4,2,2)(X(''0'«yt^Ai(4,i,i)((A4AAf)(AljAi^) + 2(A4AA4ij)(Ai^Ai'')) , (3.78) 

but because the right-hand-side is a linear combination of both (3.71) for J{T, T) = 2 and (3.72), 
it cannot be written as a full-superspace integral. This invariant coincides at the linear level 
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with the F type invariant with four more derivatives included, which is completely symmetric 
(as opposed to the d'^F^ invariant). 

For a non-trivial holomorphic function, the first derivative of J- multiplies the factor X^^\ 
which can be identified in the linearised approximation with ■^M^'^-M"'"^'^. For a general mono- 
mial function in T, F\T] = — pyT^"*"^, the linearised integrand is then 

= ^DlD'^^D^.DlD^.Dl { ,^J)^^,; \l^\fW^^') ■ (3.79) 



In the linearised approximation, this invariant is therefore a (4, 1,0) integral of the one-eighth 
BPS integrand X]^\'fWP+'^ satisfying 

Dl ( 4(,+2Kp+i) Ai^^A^^+^) = , (3.80) 

where the expression in the brackets is related to the one-eighth BPS chiral primary (3.3). This 
invariant can in fact be defined as a (4,1,0) harmonic-superspacee integral at the non-linear 
level. The (4, 1,0) normal-coordinate expansion of the supervielbein Berezinian is trivial {i.e. it 
stops at zero order), and the corresponding measure is therefore simply obtained by pulling it 
back onto the analytic subspace. One can write two G-analytic integrands for the (4, 1, 0) mea- 
sure corresponding to this class of invariants, A^"^ A^^ U^J^'-'^^ (T) and V^^^V^'^ jXarX'^U~'^dT{T) . 
The two expressions are equivalent in the linearised approximation, and by uniqueness of the 
one-eighth BPS chiral primary for a fixed number of fields, we conclude that they must define 
the same invariant at the non-linear level as well. The first integrand is not manifestly SL{2, R) 
covariant, and the explicit relation between J^*"^^(T) and J-{T) remains to be worked out. The 
second integrand is not manifestly 50(6, n) invariant, whereas the corresponding invariant is. 

Note that the integrand A^ A^^I^P"*"^ is very similar to the chiral integrand of a chiral 
superfield dependent Maxwell kinetic term in A/" = 1 superspace, and one may therefore think 
that one could write such an invariant as the full-superspace integral of a Chern-Simons like 
integrand depending on the Maxwell potentials. However, one may check that this is not the 
case, because of the non-linear terms in the AA = 4 algebra. 

One computes that the corresponding (4, 1,0) integral gives rise to a coupling of the form 
W'^{dF)'^B?' in the linearised approximation, and therefore in general one has 

j d^*(4,2,2)/:(4.2,2)m ~ j <fxe[F[f\{DFf + U-^dF[f]DaM^pAD''M''P^C^^^i^C''^^^ + ...). 

(3.81) 
Such invariants are the analogues of the invariants discussed in the last section with two more 
space-time derivatives inserted. As such it is clear that they do not include a C^C^ term, and be- 
cause they are SL{2, R) covariant, they cannot be written as (4, 1, 1) integrals of SO{6, n) invari- 
ant integrands (3.71). Because these invariants can be written as (4, 1, 0) harmonic-superspacee 
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integrals, one would have expected them to be writable as (4, 1, 1) harmonic-superspacee inte- 
grals. This is not necessarily the case at the non-linear level, but one nevertheless expects that 
there is a corresponding (4, 1, 1) G-analytic integrand that is not 50(6, n) invariant. 

There is another class of invariants that can be defined with eight space-time derivatives in 
terms of a weight-four holomorphic function: 

Here, weight-four indicates that the function transforms as 

-rt ax+b \ 

•^(^) ^ rrfli ' (3.83) 

with respect to 5*^(2,111), because of its coupling to the vector fields and the fermions. The 
G-analyticity condition requires in this case that 

D^LW = 4x^L(«' , D^fV-'^ = , 

DIL^'^ = 10x^L(«' , ^^,L(«) = -x^,LW , (3.84) 

DIL^'' = , D^fV^^ = -XafL'^' . 

Once again, the supersymmetry algebra is consistent with these conditions provided L^*^ satisfies 
the algebraic constraint 

XafL^'^ = , (3.85) 

which is also required for the descent to stop. Using the result of the last section, one straight- 
forwardly computes the solution to these equations: 

^(4) ^ (^(2)^2 _ 2X(«'X(*' , L(«' = X'^'XW - 3X(°'X(«' , L(«) = -(XW)2 + -X^-'^X'"^ . 

5 5 

(3.86) 

To prove this, we have used the property that the X*^"^ satisfy (3.54), as well as the property 

that X'*' is quadratic in Xaf and X'""' quartic in Xaf^ from which it follows trivially that 

Xar{X'''? = 0, XarX^''=0, X^X^^' = . (3.87) 

For a general monomial function in T, J^[T] = T^, the linearised integrand is then 

= \d^,dId,M i^rr^j-k^M^AM^^^'W^^A . (3.88) 
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4^^3i^3^/34^4 y2{p+2){p+l)''''a^ 



In the linearised approximation, this invariant is therefore given by a (4, 2, 0) integral of the 
one-quarter BPS integrand M^^M^^"p^p+^ satisfying the constraint 

Da( ,,„J..^u MlW'-'wr>-^') = , r = l,2. (3.89) 



a^^2(p+2)(p+l)^'^Q:/3' 

One straightforwardly computes that the corresponding integral gives rise to a coupling of 
structure WP{d'^W)'^C'^ in the linearised approximation. This class of invariant defines the 
type of couplings discussed in [77] . 

3.4.3 Protected R^ type invariants 

We have seen that R^ type invariants determined by a function of the complex scalar J(2) 
satisfying A J(2) = 2 J(2) cannot be written as (4, 1, 1) harmonic-superspacee integrals. We 
will show in this section that they can, however, be written as (4, 2, 2) harmonic-superspacee 
integrals. To do so, we shall show that one can associate a G-analytic integrand to any function 
J^s){T,T) satisfying AJj^) = sJ^^)- They constitute a very restricted set of R'^ type invariants 
which contains precisely the s = 2 example we could not build as a (4, 1, 1) harmonic integral. 
We consider a G-analytic integrand of the form 



l-TT *"' (l-rT)2" 



2f 



+ U-'{d^J,., - Y^9V(., + ^^^^5J(.,)Lf . (3.90) 

Here we assume the function J(^^){T,T) is real analytic, and L'~^"^ is the complex conjugate of 
2,(2")^ Because the derivatives are all Kahler-covariant, one obtains that 

K (tJ-'{d^j,, - Y^9V„ + j^~^~dJ,s)) = xiu-^{d^ - ^^a) (A J,, - 6) 

D^Ju~^dJ^,,)=sx'aJis,. (3.91) 
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Therefore the integrand (3.90) is G-analytic, if and only if 

'{-2) 



D'-^Lf 


= -sX^Lf , 


n. -rf") — 


~SXafLg 


KLf^ 


= {2-s)xlL^^^ , 


DafLg = 


-XarLf 


KLf 


= {G-s)xlLf\ 


Da^rLf = 


-XarLf 


DlLf 


= , 


J-^ar^s = 


~Xar^s 



(3.92) 



and identically for the complex conjugate. Moreover, Ls must satisfy Xar^^^^ = for consis- 
tency. One checks that the supersymmetry algebra does not imply any restriction on the value 
of s. 

We shall not compute the most general solution, but will only consider the cases for which 
Ls^"' can be written as a bilinear in the operators X'^"' defined in (3.59). Consistently, we 
define X^~^"' as the harmonic conjugate of X'^"' [35, 50], i.e. X^^"' = u^ ^u^ ^.u^ 4^^!- ^Xf-^^^ with 
XgJ in the [0,2,0] of SU{A), and 

ijM ~ l^iJPQ^klmnX " ' . (3.93) 

Note that only X'"' is real with respect to harmonic conjugation. One finds the unique solution 

LW = (XC")^ + sX'^'X*-^' + sis + 2)X(^)X(-^> + s(s2 + 10s + 12)X(«'X'-«' , 
Lf = X(2'X(«) + sX^^'X'-^) + s{s + 4)X('^'X(-^) , 

Lf =X('^'X("). (3.94) 

Note that for s = one gets back the invariant of the last section, since then J(o) (T, T) = 
J^{T) + F{T) as a solution of the Laplace equation. Also, the invariant (3.82) can equivalently 
be thought of as being defined from a real analytic function J(2) such that T{T) in (3.82) is 

defined as 

2T 

^(f) = a2j(„(T,r) - --^aj(,)(r,f) . (3.95) 

This second integrand together with ^^[^2 2)['^{2)] define a one-parameter family of R^ type in- 
variant depending on a real analytic function J(2). 

The full-superspace integral of a function J(^^f{T,T) gives rise to an R^ coupling multiplied 
by the function J(j,) of the complex scalar field, as long as s 7^ 0, 2. One can define the 
normal-coordinate expansion of such an integrand in terms of the (4, 2, 2) normal vectors in 
order to obtain the corresponding integrand for the (4, 2, 2) measure. We can then compare 
the corresponding integrand with the ones we have just built. In order to do so, we shall 
consider the expression of L'^"' in the linearised approximation, i.e. only consider terms quartic 
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in fields. In this approximation X''*' and X'®' are negligible, and the expression one gets from 
the full-superspace integral of J^^i{T,T) is proportional to 

Lf ' = (X<»))2 + (. - 2)X<^)X(-' + 2M^fM''^''P;^^,,P^^,,^ + 0(5pt) , 

Lf = X(^>X(»)+0(5pt) . (3.96) 

Therefore the class of invariants we have defined in this section differs from the invariants that 
can be written as (4, 1, 1) superspace integrals in general, for all values of s. 

Let us now argue that the same situation should generalise to the full-superspace inte- 
gral of a general function of both the complex field T, and the scalars parametrising the 
SO{6,n)/{{SO{6) X SO{n)) symmetric space. The (4,1,1) normal-coordinate expansion of 
such a general function is much more complicated, and we shall not display it in this paper. 
One can nonetheless straightforwardly compute that the only term in the integrand that will 
contribute to the R'^ coupling will remain of the same form, i.e. (A — 2) A J. It follows that the 
R'^ coupling vanishes for a function J which is an eigenfunction of the SL(2, 1R)/S'0(2) Laplace 
operator of eigenvalue or 2, independently of its dependence in the other scalars. Similarly, 
one checks that the most general (4, 1, 1) G-analytic integrand will contribute to a i?^ coupling 
multiplying (A — 2) J, independently of the dependence of J in the other scalars. Therefore if 
J is a solution to A J = 2J, one cannot write such invariants as a (4, 1, 1) superspace integrals 
either. Although we shall not prove it in this paper, it seems clear that such invariants can 
however be defined as (4, 2, 2) harmonic-superspacee integrals in general. 

We conclude that in general, a supersymmetry invariant that is entirely determined by a 
function of the scalar fields satisfying A J = 2J with a JR'^ coupling can only be written as a 
(4, 2, 2) harmonic-superspacee integral, and should therefore be considered as a one-half BPS 
protected operator. We shall come back to this point in the context of heterotic string theory 
in Section 7.5. 

4 The 5i2^ anomaly 

4.1 The one-loop SI2K, anomaly 

In D = 4, M = 4 supergravity the SL{2, K.) duality invariance acts on the complex scalar 
superfield 

^[T]^i]^ = a + ie-''t' + (D{e) (4.1) 

in the standard way. In order to discuss its anomaly, it is convenient to introduce anticommuting 
parameters that parametrise the 5l2^ transformation as 

(4.2) 
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One defines the BRST-Hke operator 6 associated to the s[2]R symmetry by 

6x = e + 2hx- fx^ , 5f = -2hf , 5h = ef , 6e = 2he . (4.3) 

One then checks straightforwardly that /x — /i is a representative of the unique cohomology 
class of 5 linear in the anticommuting parameters. Although this term is complex, its real part 
is (5-exact, i.e. /(x + x) — 2/i = — (51n[x — x]. Because the invariant i*C[J-] as defined in Sections 
3.2.1 and 3.2.3 is linear in the function T, one finds that the anomaly functional is 

A^'^ =^ j i* {C[fx -h]- C[fx - h]) (4.4) 

= Jife-^^Rab A R'^' + {fa - h)]^eabcdR''' A R""" + ■ ■ ■) ■ 

Indeed, the anomalous Ward identity implies that the variation of the IPI generating functional 
produces a cohomologically non-trivial term fe~'^^ multiplying R^b A R"^^ [8], but consistency 
with supersymmetry then implies that this must occur together with the cohomologically trivial 
term fa — h multiplying ^EabcdR""^ A R^'^. 

We therefore observe that supersymmetry implies that the anomaly associated to the non- 
linearly realised generator cannot occur independently of a breaking of the shift symmetry of 
the dilaton. In pure supergravity the corresponding expression is nonetheless locally a total 
derivative, and only the corresponding current conservation is anomalous 

dJh = -^SabcdR''' A R^'' . (4.5) 

In the presence of vector multiplets, the corresponding supersymmetry invariant also contains 
the F^ type invariant described in Section 3.2.2. The F^ term is also multiplied by {fa — h) 
but now the /i-dependent term is no longer a total derivative so that invariance with respect to 
a shift of the dilaton is lost. 

Writing the Slavnov-Taylor identity for the IPI generating functional giving the unbroken 
S12II Ward identity as 

one has at the one-loop order 



^*Pl-/'''^E^^-wf.e/f.2..f^0. ,4..) 



•S*[rl = ^.4>" + 0(K2). (4,7) 

Here ip stands for all the fields of the theory transforming in a non-trivial way with respect to 
5-L(2,]R), and K-}{x) stands for the sources coupled to their 5 variations. 
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The computation of the anomaly coefficient is carried out in terms of the Atiyah-Singer 
family index theorem according to [78, 27]. The sum of the contributions of the spin 1/2, 1 and 
3/2 fields gives 

(-3 X 4 + 1 X 4n) ^ + (-2 X 6 + 2 X n) ^ + (1 X 4) ^ = (2 + n) ^ . (4.8) 

Note that the one-loop anomaly is only defined as a cohomology class up to a trivial invari- 
ant, and in general one has 

^(1) [J^] = i f i* (£[/x -h + 6J^{z)] -C[fx-h + SJ^ix)]) , (4.9) 

such that the specific choice for J^ amounts to a renormalisation prescription. The prescription 
J-" = is the only one that preserves the shift invariance of the AA = 4 supergravity axion. 
As we shall see, this prescription is the one that permits one to restore the SL{2, Z) modular 
symmetry at the non-perturbative level. It is worth pointing out that this is consistent with 
the renormalisation prescription of the double copy formulation [79] used in the computation 
of the four-graviton amplitude at this order [18]. This is very important, because we shall need 
to choose this prescription in order to show that the three-loop divergence must necessarily be 
associated to a duality invariant in pure A/" = 4 supergravity. 

To explain this agreement with the double-copy formalism, one considers the functional 
derivative of the broken Slavnov-Taylor identity (4.17) with respect to g^u{x), Qcrpiy) and (t)[z)^ 
and / at the 1-loop order 

5^ f f ,A 5T r, _Aj,(,„^ 5. XX ^n 2 + n 



oaiw) 327r^ / 



Sgij,u{x)dgap{y)d(l){z) J \ 6a{w) 327r 

^gpu{x)5g„p{y)8a{z) lOvr^ 8gpu{x)5g„p{y) 



We therefore obtain in momentum space 
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1 -\- n 

{9fiuiPl)gap{P2)a{-pi -P2)) = -^^<^cT){p'^^[Vv){pPl ■ P2 - P2u)PI{p)PIkP2\ ■ (4.11) 

One similarly obtains that 

^^ f f ,A 5V , , , . 2 + n 



, (4.12) 



5gi^u{x)5gap{y)5a{z) 

5'T 2 + n 5\£-^<^-eabcdRnx''\z)Rer'''{z) 



S9pu{x)5gap{y)54>{z) GAtt"^ 5gpu{x)5g„p{y) 

which gives 

{9fiuiPl)gapiP2)4>i-Pl -P2)) = -^^e<T){p'^^£u)(p^''PlKP2\PieP2r ■ (4.13) 



^We make use here of the notation v4o.)(j,i3^)(p = \ {Aa-^B,yp + Apf^B,^a- + A^uB^p + ApvBp 
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We note that the corresponding on-sheU 3-point amphtudes vanish due to the constraints on 
the kinematics. However, one can get a non-trivial on-shell amphtude if one allows oneself 
to consider complex external momenta. As a{x) is twice the canonically normalised axion, 
the corresponding 3-point amplitude coincides with the one obtained from the double copy 
formalism [80] 

M3(| + , +>1, |+, +)2, I-, +>3) = ^ , (4.14) 

in the absence of vector multiplets. The anomaly implies that several (rigid) U{1) violating on- 
shell amplitudes do not vanish, as described in detail in [81]. It would be interesting to compare 
the renormalisation prescription used there with ours, which preserves the shift symmetry of 
the axion, at higher number of points. However, it would then be necessary to include the 
one-loop correction to the insertion of the non-linear transformation of the fields, so that one 
cannot compare directly to the effective action of [81]. 

Note that if one quantises the theory by gauge- fixing the local U{1) symmetry within the 
BRST formalism (rather than quantising the theory by choosing fixed coordinates on the scalar 
manifold), one must also take into account the U{1) 'anomaly' associated with the fermion zero 
modes [82]. This 'anomaly' is not a true anomaly since it can be eliminated by introducing a 
non- invariant counterterm in the bare action [83], which reads ^^ 

S«G = ^1 .*Im(£[ln([/(l + r))]) . (4.15) 

The transformation of the function C/(l -|- T) with respect to U{1) x SL{2, R) 

U{1 + T) ^ e-2'" [7(1 + T) {cT + d) , (4.16) 

is precisely such that its U{1) transformation cancels the one-loop 'anomaly', and so its s[2 
transformation gives the fermion field contribution to the rigid sfe anomaly in (4.8). Here a 
is a general real superfield whereas c and d are constants parametrising an SL{2, R) matrix 
altogether with a and b (with ad — be = 1), so that infinitesimally c = f + 0(2) and d = 
1 — h + 0{2) of (4.2). However, despite the fact that [/ is a chiral superfield, this counterterm 
is not super symmetric (i.e. d£[ln(C/)] ^ 0). Because of the structure of the supersymmetry 
algebra, there is in fact no supersymmetry invariant that is not invariant with respect to the local 
U{1) symmetry. Note that within the formulation in which only physical scalars are considered, 
the supersymmetry transformations preserve, by construction, a chosen U{1) gauge {e.g. U = 
— '^'^ ) . They are therefore defined as the C/(l)-covariant supersymmetry transformations plus 
field-dependent U{1) gauge transformations. Because the supersymmetry Ward identities are 
preserved in this formulation, they must be broken by the fermion triangle diagram in the U{1)- 
covariant formulation in which the U{1) symmetry is gauge-fixed within the BRST formalism. 



The coefficient is obtained by considering only the fermion contribution in (4.8). 
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It therefore follows that the counterterm (4.15) restores both the U{1) gauge symmetry and 
supersymmetry itself in the latter formulation.^^ 

4.2 Renormalisation of the anomaly at higher orders 

At higher orders in perturbation theory the broken Slavnov-Taylor identity is still valid, al- 
though one must consider the one-loop anomaly A'-^^ as an insertion into the IPI generating 
functional [85] 

5^'Mr] = |^[^-r]. (4.17) 

One must also consider the possibility that A'-^^ gets finite corrections compatible with super- 
symmetry and the Wess~Zumino condition as given below in (4.20), 

A = A^'^ + Y, akK^''A^'+''^ . (4.18) 

k 

Defining the linearised Slavnov-Taylor functional operator 

one finds that the functional identity 5fp^5^'^[r] = implies the Wess-Zumino condition 

5^j^2[^-r]=0. (4.20) 

Each new finite correction must be a solution to the tree-level Wess-Zumino consistency con- 
dition Sf^A^-^^''^ = 0, and if it can be reexpressed as A^-^^''^ = Sf.^Ti^''^^\ it can be eliminated 
by a redefinition of the bare action. Any non-trivial finite correction to the anomalous Ward 
identity is therefore itself associated to an algebraic anomaly. Such an anomaly can only be a 
supersymmetry invariant obtained from the function /r — h, or its imaginary part. Moreover 
such an anomaly must preserve parity (where / is parity odd). 

In pure supergravity, there is no supersymmetry invariant available at two loops. At three 
loops, one could consider a full-superspace integral invariant <S'[G(x, x)] defined as a (4,1,1) 
harmonic-superspacee integral (3.71), or the (4, 2, 2) harmonic-superspacee integral defined from 
a weight four holomorphic function (3.82). As we have noted, the latter cannot define a non- 
trivial anomaly, and one can check that the invariant 5[Im(r)] is parity even. We conclude that 
the anomalous Ward identity (4.17) is preserved until the three-loop order in pure supergravity. 
Therefore the parabolic subgroup symmetry associated to the parameters h and e is preserved 
at three loops. 



Such entanglements of gauge and supersymmetry anomalies are familiar from the anomaly analysis of Hoi'ava- 
Witten type brane constructions [84]. 
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In the presence of vector niultiplets the set of possible invariants is greatly expanded. We 
have not been able to determine the S0{6,n) transformation property of the two-loop invari- 
ants studied in subsection 3.3. If they proved to be SO{6,n) invariants, the imaginary part of 
the invariant (3.62) for T = fx — h would then define a consistent correction to the anomaly. 
At the three-loop order one can consider the invariant (3.81) with the same holomorphic func- 
tion, which would then be manifestly 50(6, n) invariant. Note that these potentially consistent 
corrections to the anomaly are all defined as chiral superspace integrals in the linearised ap- 
proximation - respectively (4,2,0) for (3.62) and (4,1,0) for (3.81). In the presence of vector 
multiplets, the shift symmetry of the dilaton is already broken at the one-loop order, and these 
higher-order corrections will only modify the specific form of the insertion in the anomalous 
Ward identity. 

The broken Slavnov-Taylor identity (4.17) is a functional equation satisfied by the renor- 
malised IPI generating functional, and one must also take care of the renormalisation of the 
local operator defining the anomaly. We are going to see that the triangular matrix of anoma- 
lous dimensions of the local operator defining the anomaly is directly related to the triangular 
matrix of beta functions associated to non-duality invariant logarithmic divergences. If we 
consider the invariant ^ as a local insertion, a priori one would expect it to be renormalised 
by other local operators Ak of higher dimension. Note that, while the finite invariants ^*'°+^' 
associated to finite corrections to the broken Slavnov-Taylor identity can be removed whenever 
they are (5-exact, the operators Ak renormalising A give rise to non-trivial contributions to the 
Callan-Symanzik equations even when they are 6-exact. In fact, we shall see that they are al- 
ways S-exact. In the presence of logarithmic divergences in the amplitudes, the classical action 
needs to be renormalised by supersymmetry invariants Sk- This gives rise to the functional 
Callan-Symanzik equation 

where u is the constant source for the anomaly operator A, the Uk are constant sources for 
the operators Ak that renormalise A, and the Zk are constant sources for the invariants Sk- 
The dots in (4.21) stand for terms that vanish when the Uk and the Zk are set to zero, and 
also for BRST exact terms associated to the renormalisations of fields and of the gauge-fixing 
term. If some of the invariants Sk associated to logarithmic divergences do not satisfy the s[2lR' 
Slavnov-Taylor identity, one must introduce other sources n^ for their variations 5Sk- The 
broken Slavnov-Taylor identity (4.17) can then be recast into the functional form 

^*lrl-(E-^-|£?|;)r^o. (4-) 

fc>l «• 
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In order to be compatible, these two functional operators must commute: 
d , Y^ 2k ( -^ "5 2 + n d 



AsS;+X.«^nA«8^- 32^^*8^] ^■■■jr = 0, (4.23) 

where the dots stand for terms that cannot mix with the ones explicitly written. We directly 
deduce that a one-loop logarithmic divergence must necessarily be associated with a duality- 
invariant counterterm, as expected. In general, the variation of an operator may acquire finite 
corrections in k^ , but one can always normalise the sources such that 

^ = ^^ + 11 bk,ih^^-i-''^, , (4.24) 

for some coefficients bk^i- If the source Zfe+i is associated to a first logarithmic divergence 
(/3; = 0,\/l < k), then u'f^,i = u^', moreover, the 5(2 IR- variation of a local operator associated to 
a logarithmic divergence is directly related to a logarithmic divergence of the local operator A 
considered as an insertion. 

4.3 Recovering SL(2, Z) symmetry 

Composing an infinitesimal transformation with a finite SL{2, H) transformation 



one obtains that 

2 + n 



g5L(2,E), (4.25) 



ax + h 



P(l+59)gJ 



levr^ 



r = p,r + 4-LJ .•!,„£ /^^-/., (426) 



ci + d 



h e \ 

where Sg = I . Integrating this equation, one computes that 

\f -hj 

P<,r = r + ^ I i*Im(£[ln(cT + d)]) . (4.27) 

The question is then, can one find a holomorphic function such that one can reabsorb this 
anomalous transformation just for elements of the modular group 5'L(2,Z)? The answer to 
that question is well-known to string theorists: one must consider the corrected effective action 

r' = r -^ I t*lm[c[Hrj{x))]) , (4.28) 
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where i] is the Dedekind eta function. Then the transformation of the effective action with 
respect to SL{2, Z) is 

.s , o-2 + nr-l f 1 „t 



= r^ + 27r(2 + n)6- , (4.29) 

where 6 = 6 if c = and is an integer for any SL{2, Z) element. By Rokhhn's theorem, A is an 
even number on any smooth manifold admitting a spin structure, and the theory is therefore 
SL{2, Z) invariant for any number of vector multiplets. This is in perfect agreement with 
the topological string amplitude computation carried out in [86] in type IIA compactified on 
K3 X r2 for n = 22. 

One computes in a specific ^(1) gauge that 

U~'dln (r?(^[^)) = -^Im[T] ^2(x,x) - ^ 

where 

is modular of weight 2, as opposed to the Eisenstein series E2 itself. By construction, the wth 
power of the Kahler derivative of the holomorphic function In (r/(r)) gives a modular function 
of weight w, minus ^ ■ The additional ^'""^ '' constant breaks modular invariance exactly 
in the right way, such that the 1-loop integration of the massless modes compensates for it. 
The overall string-theory amplitude including the non-analytic part is SL{2,1i) invariant and 
will not include such a term. For instance, the real part of ln(7/(r)") gets a non-holomorphic 
correction in the amplitude 

ln(r?(r)) + ln(r?(f )) ^ in(lm(T)|7?(T)|4) (4.32) 

and the ^"'"^ '' factor corresponds precisely to the w-th. power of the covariant Kahler derivative 
acting on the non-holomorphic term 

n ((r - r)9 + k) -ln(lm(r)) = ^^^^ . (4.33) 

fc=0 

For example, the four-graviphoton amplitude will admit a threshold function -^^ (£^2 ~ EA , 
multiplying Ui/ Fj + V^jj-F^ - t* {Ui/ Fj + V^.jF^) to the fourth, such that it is SL{2,'Z) 
invariant. 
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The non-linear analysis of the invariant also reveals that the matter four-photon ampli- 
tude is determined up to its r independent part as (2 -|- n)ln(Im(T)|r7(r)|^). It follows that 
the F^ threshold function in heterotic string theory compactified on T^ (for which n = 22) 
is the sum of the one-loop contribution, which only depends on the vector-multiplet scalars, 
and the non-perturbative correction associated to NS 5-branes wrapping T^, which is identical 
to the R^ threshold function [86]. The invariant expressing the former coupling is the (4,2,2) 
harmonic-superspacee integral of a homogenous function of degree four in the G-analytic su- 
perfields C/34^, V^i^ , while that for the latter is the F^ component of the invariant appearing 
as a counterterm in (4.28). In more general heterotic string-theory compactifications, the F 
coupling will still decompose in the same way (although the quasi-modular function will be 
different), such that the quasi-modular function of r is determined by supersymmetry from the 
exact R^ correction [87]. This is consistent with the property that the contribution to the F 
type invariant is one-loop exact in heterotic string theory in ten dimensions [88]. 

The transformation properties of the one-loop contribution to the effective action with 
respect to 0(6, 22, Z) are themselves extremely constrained by supersymmetry, and one should 
thus be able to predict the contributions of NS 5-branes wrapping K3 x T^ to the F^ coupling 
in type IIA string theory [89] on the basis of supersymmetry. 

At weak coupling in heterotic string theory, i.e. Im(r) — t- -|-oo, the R^ coupling gets a 
universal threshold function [87] of the form 

^ ^ '' V(Im(T)) + ^nolm(r) + ©(e'^'^^"))) , (4.34) 
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and because of the structure of the supersymmetry invariant, the -F^ coupling will also possess 
the same logarithmic term in Einstein frame. As explained in [14], a logarithm of the string 
coupling constant cannot appear in the string amplitude in string frame, while its appearance in 
Einstein frame comes from a logarithm of the Mandelstam variable s. It follows that the matter 
four-photon amplitude at the one-loop level in heterotic string theory admits a logarithm of s 
that is associated to a logarithmic divergence in field theory, as has been argued in [14]. This 
conclusion is indeed consistent with the one-loop divergence computed in field theory [29, 90]. 
In order to be able to discuss higher-order corrections in the string-theory effective action, it 
is important to study first of all the higher-order corrections required to promote the countert- 
erm (4.28) to a supersymmetric effective action. In order to do so using superspace techniques, 
it is necessary to compute the corresponding correction to the superspace geometry. To do this, 
one can use the off-shell version of AA = 4 (conformal) supergravity as given in [42] and then 
introduce field strengths for the 6 + n vectors as well as for the scalars in the vector-multiplet 
sector. Solving the Bianchi identities for these superspace field strengths order by order in k^ in 
terms of the physical fields will then also enable one to determine the dimension-one functions 
appearing in the torsion and curvature in terms of them. A similar procedure was implemented 
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in [91] in the context of the super symmetric Yang-Mills theory in ten dimensions. In that case, 
the authors were able to use the known a'^ F^ type correction to the superspace field strength 
[92] in order to compute the induced a'^ d'^F^ type correction to the string-theory effective 
action, thereby reproducing the bosonic components computed in [93]. It would be particularly 
interesting to compute the higher-order corrections induced by the -R^ type correction to the 
effective action in AA = 4 supergravity. Such an example would, in principle, allow a determi- 
nation of the relation between the function of the complex scalar field r multiplying the R^ 
correction and the quasi-modular function ln(r7(T)) (although in this case one would need to go 
two orders higher). Such an explicit example could also shed light on the conjectured behaviour 
of the d^R'^ threshold function as compared to the one multiplying R'^ in maximal supergravity 
[94]. 

5 Implications for perturbative quantum field theory 

5.1 Consequences of the anomaly 

Let us first consider pure AA = 4 supergravity. In this case, we know that there is no on-shell 
duality-invariant candidate counterterm before the three-loop order, and there is no on-shell 
supersymmetry invariant candidate at the two-loop order. At the three-loop order, one finds 
two classes of invariants: the (4, 1, 1) integral invariants (3.66) depending on a general real 
function G*^^(r, T), and the (4,2,2) integral invariants (3.82) depending on a general weight- 
four holomorphic function J-'^^^(T). The theory is therefore clearly finite up to the three- loop 
order, and the Callan-Symanzik equation states that 

(^|l ~'''Ly"" -f3sK'[S[G^'\T^'n ■ r] + 0{k') (5.1) 

for an invariant defined as 

5[G(^^^(^)] = i|d/X(4,i.,)(x'x')(x4X4)G(^H7^,r) + Re[|d/i(4,.,.)£|::,,,)[-F(^']] . (5.2) 

Here ~ means equal in BRST cohomology, i.e. up to terms associated to field redefinitions or 
the renormalisation of the gauge-fixing action. Compatibility with the broken Slavnov-Taylor 
identity then requires 

//|- - ^|^)['^-r] ~ -j2A^2-r] + 0{K^) « -167r2/33Ac^5f^[5[G(^',^(^']-r] +0(^6) (53) 

or, equivalently, 

72^2 = 167r2/33<55[G(^',J-(^)] . (5.4) 

Because the anomaly A only depends non-trivially on / at this order, it follows that S[G'-^\T^''^^ 
must still be invariant with respect to the parabolic subgroup associated to the parameters h 
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and e. Because ^^[G'^'j-F'^'] = S[6G''^\6T^^^ and S[6G^^\6T''^^ is non-zero for any non-zero 
function 5G'^' or dJ-'-''^\ both functions G''''(t, l) and J^*'*'(T) must themselves be invariant with 
respect to the action of the parabohc subgroup, i.e. 

(9 + a)G(^'(x,x) = 0, {xd + W)G<-^\x,x) = , (5.5) 

and 

dT^'^ (x) = , {xd + 2)^(^' (x) = . (5.6) 

One can easily check that the only solution, up to a rescaling, is C-^^ = 1 and J-'-^^ = 0. Thus, 
at this order, shift and scaling invariance together with local supersymmetry are enough to 
require that a counterterm be duality invariant, ^^ and we therefore conclude that the anomaly 
operator cannot get renormalised at the two-loop order, and that the only available counterterm 
consistent with all required symmetries at this order is the i?^ type duality invariant 

S3 = \l dii,,,,,,,e^^e^PxixU^iXfi^ ■ (5-7) 

This invariant can also be written as the full-superspace integral of the Kahler potential, as we 
have seen in the last section. 

For A/" = 4 supergravity coupled to n vector multiplets the discussion becomes more com- 
plicated because the theory is known to diverge already at the 1-loop order [29, 90], 



mtt - ^1^ r « -^;^[S'-'' ■ r] + o{k^) , (5.8) 



where 5'^^ is the duality invariant (3.26). It is striking that the coefficient of the divergence 
is the same as that of the anomaly, and, moreover, the duality invariant associated to it is 
precisely the one defining the anomaly in the shift symmetry of the dilaton. This suggests that 
one can interpret the latter as being an order e breaking of this symmetry in a hypothetical 
supersymmetry invariant regularisation scheme. This is also in agreement with the string-theory 
interpretation discussed in Section 4.3. 

A consequence of the anomaly is that the candidate counterterm for a three- loop divergence 
in the presence of vector-multiplet coupling is not necessarily duality-invariant, because its 
duality variation is associated to a divergence of the -F^ type invariant S"'^' taken as an insertion. 
The F^ invariant is itself duality invariant, and the operators that can renormalise it at the 
two-loop level must also preserve duality invariance, despite the appearance of the anomaly at 
one loop. There are only two such invariants available: the full-superspace integral of the Kahler 
potential, and the d F type (4, 1, 1) harmonic integral (3.78). The latter does not generalise, 



Note that in components, t = a + ie~ ''' , these equations just imply that the counterterm can only depend 
on scalars through contractions with the vector fields and e^'^d^a and 9^0 which are not necessarily duality 
invariant. 
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however, to an invariant defined in terms of a generic function of the complex scalar, but only to 
the class of invariants (3.81) defined in terms of a holomorphic function T{T). Such a two-loop 
divergence in the insertion of F^ would imply the appearance of a three-loop divergence in an 
invariant (3.81) for J-{T) ~ ln(-r^;=;) which is inconsistent with the shift symmetry of the axion 
because 

51n(r/i) =2h + -- fr . (5.9) 

r 

It follows that the only candidate counterterms consistent with the anomalous s[2 Ward iden- 
tities at the three-loop level are the full-superspace integral of a function 

H'^''\x,x) = -Cjln(Im(x)) + ic2ln2(Im(x)) , (5.10) 

and the duality-invariant (4,1,1) harmonic integral (3.78). The coefficient Cj multiplies the 
duality-invariant counterterm written as (3.71) for J = 1, whereas Cz multiples the counterterm 
that would be associated to a 2-loop divergence of the F^ type invariant 5'^^ taken as an insertion 
into the duality-invariant counterterm (3.71) for J = 1. The corresponding R'^ coupling is 



-(2cj + C2) + 2c2ln(Im(T)) . (5.11) 



Following the string-theory amplitude argument of [14], a logarithmic divergence in ln(Im(x)) 
must be associated to a duality-invariant logarithm-squared divergence. This is perfectly con- 
sistent with the present field-theory interpretation that such a term could only appear if the 
F^ supersymmetric form-factor with four gravitons is divergent at the two-loop order, because 
one would then expect a In (s) behaviour in the three-loop four-graviton amplitude originating 
from the ln(s) behaviour of the four-photon one-loop amplitude. 

5.2 Superspace non-renormalisation theorems 

Now we return to the structural requirement for ultraviolet counterterms in an A/" = 4 duality- 
invariant supergravity theory. Superspace non-renormalisation theorems in super Yang-Mills 
and supergravity theories are based on a set of rules that permit one to determine the allowed 
ultraviolet divergences. In order to obtain the strongest results, it is important to know the 
maximal degree of supersymmetry that can be realised linearly "off-shell" {i.e. without use 
of the classical equations of motion to achieve closure of the supersymmetry algebra). The 
precise answer to this off-shell question for D = 4, AA = 4 supergravity is unknown, but one 
may draw hints from D = W, M = 1 supergravity, which does have an off-shell formulation at 
the linearised level [32]. Dimensionally reducing this off-shell theory to Z? = 4 yields a system 
containing A/" = 4 supergravity coupled to six A/" = 4 Maxwell multiplets. 

Decoupling the Maxwell multiplets without destroying the off-shell structure is of course 
a problem, and there are arguments [30, 31] against the existence of off-shell multiplets for 



43 



numbers of AA = 4 Maxwell multiplets different from 6 modulo 8 with finite numbers of auxiliary 
fields. The dimensions of the spinor representations required to write the kinetic term of the 
physical fermions must be integral multiples of one-half the dimension of the smallest irreducible 
representation of the A/" = 4 super Poincare group [31], i.e. 128. This implies that only AA = 4 
supergravity coupled to 6 modulo 8 vector multiplets can possibly admit an off-shell realisation 
involving finitely many auxiliary fields. However, there is no argument against the existence of 
an off-shell formulation of A/" = 4 supergravity coupled to any number n of vector multiplets 
in harmonic superspace. For the present discussion, we will simply assume that an off-shell 
harmonic-superspacee formulation exists for the various couplings of A/" = 4 supergravity to 
even numbers of A/" = 4 Maxwell multiplets. It has so far proved impossible to find an off-shell 
version of A/" = 4 SYM [95], but one aspect of the problem, the self-duality constraint on the 
scalars, can presumably be avoided if we have an even number of vector multiplets. 

Another element in the derivation of non-renormalisation theorems is the use of the background- 
field method (a review is given in [96]). The geometric formulations of super Yang-Mills and 
supergravity theories in superspace begin with superspace gauge connections Am{x, 9) and su- 
perspace vielbeins Em {x, 9). In an off-shell theory, however, these are not the entities in terms 
of which one quantises, as they are subjected to various types of constraints [97, 98] that are 
needed to allow for the construction of an off-shell superspace action. These constraints on 
the geometrical superfields can be solved in terms of superspace prepotentials analogous to the 
general scalar prepotential of D = 4, A/" = 1 super Maxwell theory, or to the vector superfield 
prepotential of D = 4, A/" = 1 supergravity [99]. 

The key structural feature shown by use of the background field method is that although one 
definitely needs to solve the superspace constraints in terms of prepotentials for the quantum 
superfields on the internal lines of superspace Feynman diagrams, this is not necessary for the 
background fields that occur on external Feynman diagram lines [100, 101]. Moreover, when 
the quantum fields are expressed in terms of prepotentials, all terms in the expansion of the 
quantum action that are actually used in the derivation of superspace Feynman rules are written 
as full-superspace integrals. This obtains even though the background fields occur only through 
the geometrical superspace connections and super vielbeins. 

The consequences for the ultraviolet divergence structure of the theory are then immediate. 
Counterterms inust be written purely in terms of the background superspace connections and 
supervielbeins, and they must also be written as full-superspace integrals. The simplest instance 
of such a non-renormalisation theorem is in the non-gauge context of the D = 4, A/" = 1 
Wess-Zumino model, where chiral superspace integrals over superpotentials are disallowed as 
counterterms: all counterterms must be writable in terms of full-superspace integrals without 
the use of prepotentials. 

There are exceptions to the above rule at the one-loop level in gauge and supergravity 
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theories, owing to problems in decoupling ghost superfields [100, 101, 102]. At the one-loop 
level, and only at this level, it turns out to be necessary to introduce prepotentials also for the 
background fields in order to achieve a decoupling of the infinite series of "ghosts for ghosts" 
occurring in extended gauge and supergravity theories. This makes for a one-loop exception 
to the non-renormalisation theorem, but for two loops and higher, the theorem becomes fully 
valid. 

In the present discussion of divergences in half-maximal supergravity theories we shall sup- 
pose that there exists a full sixteen-supercharge off-shell formulation such that the action defin- 
ing the Feynman rules is also invariant with respect to duality symmetry. This second require- 
ment is necessary because we shall assume that the counterterms must be both writable as 
full-superspace integrals of the covariant superfields and also duality- invariant. Moreover we 
shall assume that this off-shell formulation satisfies the property that one can decouple the 
infinite tower of ghosts-for-ghosts by introducing a quadratic action for the second generation 
of ghosts and the Nielsen-Kallosh ghost, depending on the background prepotentials only, and 
not on the quantum prepotentials [100, 101, 102]. 

5.3 Descent equations for co-forms 

We shall consider the classical Lagrangian density in superspace as a local operator. Because 
it is a density, its variation with respect to an infinitesimal super-diffeomorphism generated by 
a vector H^^ is 

s£(«)=9a/((-1)'''H^'/:'°') . (5.12) 



If we define the action of the BRST operator in a similar way, but taking H*^ as a super- 
diffeomorphism ghost with its own transformation, 



E^ = H^a^vH*'^ , (5.13) 



s^ 



we obtain 



s(^(-l)M^Mcm^ =a;v((-l)'''+'^H^H^^/:('") , 



(5.14) 



and so on indefinitely. This is the superspace generalisation of the BRST construction defined 
in [103] . Therefore if one wants to consider the Lagrange density as a local operator in a BRST 
invariant way, one must consider the infinite series of local operators with their associated 
sources 

/ d4xdi6^(£(°)n + E^'C^'^UM + ^E^E^' C^°^UMN + ■■) (5.15) 
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such that these sources transform as an extended cocycle, i.e. 

■su = 
SUM = —duu 

SUMN = -QmUn + {-lY^^dNUM 

(5.16) 
or, equivalently, 

id + s)(u + dz^UM + -dz^ A dz^UMN + -dz^ A dz^ A dz^UMNP + ■ ■ ■) = . (5.17) 
V 2 6 / 

This construction is consistent because the transformations of the sources are hnear. 

The complete BRST invariance of such a theory would also involve other ghost superfields 
associated to the other gauge invariances of the theory, as well as pre-gauge invariances associ- 
ated to the introduction of prepotentials for the corresponding superfields Em , T, Vi/ , etc... 
Without an explicit fully supersymmetric formulation to hand, it is not possible to go into more 
detail about these other symmetries. 

One will be led to the same kind of construction when considering the duality invariance 
of a Lagrange density, because the latter is not itself strictly invariant with respect to duality 
transformations either. We will illustrate this shortly with the example of the Kahler gauge 
invariance of an AA = (2,2),D = 2 supersymmetric non-linear sigma model, for which the 
superspace action's integrand (the Kahler potential) is not itself "duality" {i.e. Kahler gauge) 
invariant. 

In principle, one should consider descent equations in two directions: with operators of 
increasing ghost number and also with increasing numbers of anticommuting constant param- 
eters for the duality transformations. For simplicity, we will only consider the duality Ward 
identities, and will disregard the supersymmetry BRST Ward identities, which we do not know 
in detail for the A/" = 4 theory. In a similar way, one will have a chain of co-form operators 
associated to the duality variation of the Lagrange density 

(5.18) 

where we define a co-form of degree n as an object transforming as the tensor product of a 
density with the graded antisymmetric tensor product of n vectors. Of course, such an object 
would be equivalent to a (d — n)-form on a Riemannian d-dimensional manifold via contraction 
with the Levi-Civita tensor, but in superspace they are distinct objects. Note that a co-form 
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or a form can admit an arbitrary high degree in superspace, and there is correspondingly no 
notion of a top form. 

Note that if some of the quantum fields satisfy constraints, such as chiral superfields in 
A/" = 1 theories, it may happen that the descent becomes more complicated, because one may 
then get more solutions to the consistency conditions. Here we shall assume that the theory is 
quantised in terms of unconstrained superfields for simplicity. However, because our argument 
for a non-renormalisation theorem will only involve the first term in the descent, this assumption 
will not have untoward consequences. 

Exactly as one does in enforcing supersymmetry BRST invariance, one can ensure duality 
invariance by introducing a source for each of these co-forms, 

/ d^xd'^e (/:("'n + £(») ^UM + i/:'°' ""^umn + ...), (5.19) 

such that the sources transform with respect to duality as an extended cocycle 

{d + 6)(u + dz^UM + -dz^ A dz^^UMN + -dz^ A dz^ A dz^^UMNP + ...1=0. (5.20) 
V 2 6 / 

The extended cocycle is a cohomology class of the extended exterior derivative d + 5, so one 
can consider the chain of co- forms as defining a cohomology class. Since a density Lagrangian 
C does not depend on the anticommuting duality parameters, it accordingly cannot be 5-exact. 
However, a Lagrange density is only defined up to a total divergence 

£ « £ + (-l)^^aA/^^ . (5.21) 

Similarly the whole chain is only defined up to an ambiguous exact extended co-form 

£^«.5v^ + (-l)^a;v¥'^*^ 

£^^'^«5v^*^ + (-i)^apv^^^ 
£^^^^ « 5^^^*^ + (-i)QaQV«^^^ 

(5.22) 

As in the component formulation, the modification of the extended co-form by the addition of 
a trivial extended co-form amounts to a 5-exact modification of the source term 

6jd'xd''e(y'^UM + i^^^nMAT + ix|/^^^^nMiVP • • •) (5.23) 

and is trivial in J-cohomology. It follows that, as long as the duality Ward identities are satisfied, 
the whole chain of co- forms must be renormalised consistently as a single cohomology class. 

This construction is a superspace generalisation of the one developed in [85, 104, 105] in 
the framework of algebraic renormalisation. One must in principle consider the possibility 
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that the associated Ward identity may be anomalous. As in the former construction, such a 
Ward identity is only anomalous if the original symmetry is. In our case, this means that the 
only potential anomaly to this Ward identity is associated to the one-loop anomaly (4.17). A 
potential anomaly would define a chain of co-forms whose first component would define the 
density for an anomaly, as for example (4.5) 

^(1) = f d'^xd^'^eW , (5.24) 

such that 

5H; = (-1)A^9a/W^^ , 

SW""" = i-lf dpW'''' ^ , 

(5.25) 

If the associated density turned out to vanish, it would imply that the lowest-degree non- 
vanishing co-form would be divergence-free. Within an off-shell formulation, there is no such 
non-trivial divergence-free k co-form available that would not itself be the divergence of a A; -|- 1 
co-form. We conclude that the only anomaly that can occur for this Ward identity is the 
one associated with the anomaly (4.17). Therefore it will only affect the non-linearly realised 
generator of 5121R, and the Ward identity will remain valid for the parabolic subgroup in the 
absence of vector multiplets. 

5.4 The J\f = (2, 2) non-linear sigma model 

To illustrate what one can learn from such Ward identities, let us revisit the example of an 
A/" = (2,2) non-linear sigma model in two dimensions [28]. In this case, the action is obtained 
from a Kahler potential K{T, T) as the superspace integral 

S= f d^xd'^9K{T,T) . (5.26) 



By power counting, the theory can only be renormalised through a modification of the Kahler 
potential at each order in perturbation theory. Accordingly, one can define the beta function 
as a function of the complex variables i" parametrising the Kahler space, i.e. 

We stress that t° are coordinates and not fields or superfields, and we just use them for 
parametrising functions (or potentials) defined on the corresponding Kahler space. 
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Using the formal path integral formulation 

i I (fxd^9K{T, f)+i I (fxdPOJaT" + i / (fxdPej-aT'' 



exp[iVF[J, J]] = / VTVTexp 
one deduces that 



(5.28) 



d''td''t F{t, t) 



I vtvtU I 



SK{t, t) 

2„j4 



exp\iW[J,J] 



VTVT(i I d^xd'^eF{T,T)]exp i / d^xd'^eK{T,T)+i / d'^xd^OJaT^+i / d^xd^6JaT° 



(5.29) 



This equation formally leads to the identity 



d'^td^'t F{t, t) 



6K{t, i) 



d^xd'^e 



F[T{x,0),f{x,e)]-r 



(5.30) 



where the right-hand-side is the insertion of F(T,T) as a local operator in the IPI generating 
functional T. In general, this equation can acquire corrections, and the functions F on both sides 
of the identity could differ by higher-order corrections in the coupling constants. Nevertheless, 
we shall assume that it is satisfied in some appropriate renormalisation scheme, for the sake of 
simplicity. The consistency of this identity with the Callan-Symanzik equation implies 



,±.,jrt^iK(t.f,^^ 



One then obtains using (5.30) the identity 



r = ^^ f d'^tdJ't K{t,t)-J-^] 

^d/x J ^ ' ' 6K{t,t) 



- / d^'wd^'w K(w. iD) 



5(3{t,t) 



l{t,t) , 



6K{w,w) 
where 7(t,i) is the anomalous dimension of the local operator K(t,t) 



d_[ 
dfi 



K{T,T)-T = 7(r,r)-r 



(5.31) 



(5.32) 



(5.33) 



Equation (5.32) implies that the beta function is directly related to the anomalous dimension 
of the Lagrange density considered as a local insertion. Using the homogeneity of the Feynman 
rules in the Kahler potential at i loops, one concludes that the ^-loop beta function /3'^' is 
related to the £-loop gamma function 7**^' as 



{e-i)nt,t) = ^^'\t,t). 



(5.34) 



This equation is very useful, because it relates the beta function to the anomalous dimension of a 
local operator, which is itself constrained by the Ward identities to be renormalised consistently 
as a whole cohomology class. 
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Within the background-field method, one defines a prepotential V"" for the quantum fluc- 
tuations of T"" as 

T" = D^'DaX" [V, T, f] , (5.35) 

such that X" = X"(l) for the solution X"(s) to the equation [28] 

d^X" ^„ ,^ -, dX'' dT" 1 „„ ,_ -, dX^ dT" df^ 

+ VUT,T)—-— = --/?Vj(r,r)-- — — , (5.36) 



ds2 ' "^^ ' ' (is (is 3 ""'*' ' ' (is ds (is 

where T"'{s) = D°'DaX°'{s), taken with the initial conditions 



dX'^ 
X^iO) = X^ , n^(0) = y» . (5.37) 

ds 



One then computes 



X''[V,T,T] =X^ + V'' - -r^c(r,T)y^D"Dc.V"' + 0{V^) , (5.38) 

and the action reduces to (with T^ = D'^DaX^) [28] 

S = I d^xd''9(^K{T^,f^)+g,j,{T^,f^)D^V''D^V' 

+lRabcd(TB,fj,)D^V''D^V''D^V~^D^V'^ + 0{D^T^)) . (5.39) 



We see that the action does not depend explicitly on the background prepotentials X^, and 
that although the latter will be involved explicitly in the gauge-fixing at the one-loop order, 
the involvement of the background prepotentials will not extend to higher loop orders. 

Now let us assume that the Kahler space of the theory admits some isometrics, such that 

6K{T, f) = c'Fi{T) + c'Fi{f) (5.40) 

for some variation 

ST" = df^{T) , (5.41) 

of the fields. The variation of the prepotential X" is obtained accordingly using functions f^i,(T) 
satisfying 

mt)t' = fm , (5.42) 

as 

SX'' = c'f^^{T)X^ . (5.43) 

One can deal with a constant term in /f (i) provided there is a nowhere- vanishing homogenous 
function J^^""' (i) of degree r on the Kahler manifold, such that 

° ;A ° = 1 . (5.44) 
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One then defines /j^(t) as a Taylor series 

B T'-'^Uf) 1 1 

m) = ,Vw(^) /f(o) + dbim + ^d,djtior + fbdcd.morf' + ■■■ ■ (5.45) 

According to (5.18) we define 

6K{T,f) = D''{c^F,a{T)DaX^) + D»{ciFra{f)DaX~^) , (5.46) 

where 

i^^a(t)t" = F,{t) . (5.47) 

One can always choose the representative Kia of Fia{T)DaX'^ such that it only depends on the 
background prepotential through its classical component 

K,„[Tb, V] = Fia{T^)D^X^ + daFi{T^)D^{X- - X^) 

+ ^dadbFi{T^)D^iX'' - Xl){T' -Tl) + ... . (5.48) 

By the structure of the duality symmetry algebra, the chain will stop here. We conclude that 
the Feynman rules of the theory coupled to 

/ <fx(fe(uK[T^, V] + u"c^/^i„[TB, V] + u'^eKio.if^, V]^ (5.49) 

only involve the background field T^ and not its prepotential. Therefore the associated gamma 
function must be a function of the scalar fields T, and not the associated prepotential. Indeed 
note that neither the ghosts-for-ghosts nor the Nielsen-Kallosh ghost will contribute to the 
insertion of such a local operator in the IPI generating function. Moreover, K^ is an operator 
of negative dimension, and therefore must be protected. It follows that the gamma-function 
7(t, t) must be fully invariant with respect to the isometrics. Using equation (5.32) we conclude 
that the n > 1 loop order contribution to the beta function or the counter-Lagrangian must be 
a fully duality-invariant function of the scalars. 

This is consistent with the analysis carried out in [28], because starting from the action 
(5.39), it was concluded that contributions to the beta functions beyond the one-loop order 
must be scalar functions of the Riemann tensor, which are themselves invariant with respect to 
the isometrics of the Kahler manifold. 

If we discuss the simplest case of an SU{1, !)/[/(!) Kahler space in this framework, the 
complex modulus field x is itself a nowhere- vanishing homogenous function on the target-space 
manifold, and one can define 

5X = e— + 2hX - f{x^X + x{X - X^)) . (5.50) 
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The variation splits into 



<5XB=e^+2/lXB-/TB^B , 

Xb 



6{X - Xb) = 2h{X - Xb) - /(Tb + x)(X - Xb) . (5.51) 

One then computes 

5K{x,x) = -2h + f{x + x) 

= D" (_ -DaX^ + /5,X) + Z5" (- i^L'^XB + fD^x) , (5.52) 

V Xb / V Xb / 

and 

Ka = --D^X^ + fDaX , (5.53) 

satisfies 6Ka = 0, showing that the counter-Lagrangian terms at loops L > 1 must therefore be 
invariant under the isometric "duality" symmetries. 

5.5 Non-renormalisation in JV = 4 supergravity 

Let us now return to A/" = 4 supergravity without vector multiplets. In order to apply the 
above reasoning, one must not only assume that there is an off-shell formulation of the theory 
in superspace with all supercharges realised linearly, but also that the action defining the 
Feynman rules is itself duality invariant. Such a formulation has not been constructed, even for 
supergravity theories with fewer supersymmetries, such as A/" = 2. It is clear from the structure 
of such a theory in components [37, 106, 7], that a corresponding superspace formulation could 
not be manifestly Lorentz invariant. Therefore the only way to construct it would seem to 
require the introduction of Lorentz harmonics. Such a formulation was introduced in [38], 
and was later used to give an off-shell version of AA = 2 (maximal) super- Yang-Mills in five 
dimensions with sixteen supercharges realised linearly [107]. However such a formulation suffers 
from several technical complications that have not been fully clarified so far. One problem is 
due to the use of harmonic variables parametrising a non-compact coset space, although this 
can be cured by considering the quotient of the Lorentz group by a maximal parabolic subgroup 
[40]. 

The general construction that we have described in this section has not taken into ac- 
count the possible complications unavoidably associated to such a putative Lorentz harmonic- 
superspacee formulation of AA = 4 supergravity. Instead, we have extrapolated the more con- 
ventional argument one would carry out within a more standard superspace theory with finitely 
many auxiliary fields. Therefore, we should stress that this argument is by no means an actual 
proof of the three-loop non-renormalisation theorem, but rather is an attempt to motivate a 
three-loop non-renormalisation theorem using reasonable generalisations of the standard tools 
available in super symmetric field theories. 
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Let us suppose that the reasoning proposed in this section does indeed apply to A/" = 4 
supergravity. The unique duahty invariant counterterm that can be written as a full-superspace 
integral is the integral of the Kahler potential. The associated density is not itself duality 
invariant, but satisfies instead 

6(E{-l)ln(^{x-x)')) =-2hE + fE{x + x) . (5.54) 

The right-hand-side of (5.54) is the sum of a holomorphic function of x plus an anti-holomorphic 
function, and we have seen in the preceding section that the associated integral over full su- 
perspace vanishes subject to the classical equations of motion. Within an off-shell formulation, 
one can always carry out a perturbative redefinition of the variables such that this integral will 
also vanish. It then follows that it must be a total derivative in harmonic superspace. However, 
the scalar field x and the supervielbein Berezinian can only be the total derivative of a function 
depending explicitly on the hypothetical prepotentials of the theory. 

To be more explicit, we could reasonably assume that the chiral scalar superfields satisfy 
something like 

X ~ D^X[V] , (5.55) 

for a functional X of the prepotentials of the theory, written collectively as V . Then it would 
follow that 

^(-/l + /x)~Z)^,(s(-A + /^^7m^^^_ ;j ^ (5 5g) 

According to the discussion of the last section, such an operator K , depending explicitly on 
the prepotentials, could not possibly renormalise the local operator £'^'*^, and so neither could 
-E(— l)ln(^(x — x)) renormalise the classical Lagrange density £*"' as a local operator. 

Note that the appearance of the one-loop anomaly (4.17) implies that, although one cannot 
rely on the Ward identity for the non-linear ly realised generator, it is enough to consider the 
Ward identity associated to the parabolic subgroup in order to conclude that this operator 
cannot renormalise the classical Lagrange density £'"■ as a local operator. Using then 

(^ - l)/3, = 7, , (5.57) 

it would follow that the full-superspace integral of the Kahler potential cannot correspond to a 
logarithmic divergence of the theory. 

6 Super geometry in five dimensions 

In this section and the next we shall discuss the status of logarithmic divergences in pure N = 2 
supergravity in five dimensions (i.e. half-maximal, but note that the D = 5 half-maximal theory 
has more degrees of freedom than does -D = 4, A/" = 4). In order to discuss the invariants we 
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shall need some details on the corresponding super geometry which are not yet available in the 
literatm'e. For this pm'pose it is more efficient to compute the supergeometry in the maximal 
D = 5, M = 4: supergravity, and then truncate the results to A/" = 2. 

6.1 Maximal (J\f = A) supergravity 

In AA-extended supergravity in five dimensions, the structure group is 5p(l, 1) x Sp{jV), and 
the spinors satisfy a symplectic-Majorana condition of the form -0"* = Q'^^Q.^^TpjSj, where Qij 
is the Sp{f^) symplectic form satisfying Q Qjk = 5*-, and idem for the ^^(l,!) symplectic 
form ftai3- We first discuss the on-shell maximal theory which has forty- two scalars in the 
coset -Eg(g)/5pt.(4), forty-eight totally antisymmetric and symplectic traceless dimension-one- 
half fermions, Xa (satisfying xfjk — ^'^^^u^jp^kqXs'^): twenty-seven vector fields F^^ (satis- 
fying Fij = Qik0.jiF ), again antisymmetric and symplectic traceless, as well as eight gravitini 
and the graviton. We can determine the geometry from dimensional analysis, using the Bianchi 
identities to fix unknown coefficients. The dimension-zero torsion is 

T^^/ = -if^ Va/3 , (6.1) 

At dimension one-half the Bianchi identity implies that the only non- vanishing torsion is 

T4', = n^[aX%' + ^apxf . (6.2) 

Note that there is no sign ambiguity in raising the last indices in the torsion since one uses two 
symplectic forms 

nU = T'4's^ik^'' ■ (6.3) 



One understands that 



where 



7^/3 = fi.,7''^/3 , (6.4) 



r%l'^^ + 7''"77"^/3 = 2r?'^''<5^ . (6.5) 

Moreover, we chose conventions for the gamma matrices such that 

7«/3 = "2 '^''^"'^ ^ ' 

where 7°^*^ = 7["7''7'^] and 7"^ = 7["7^]. One has then identities like 

e"^de7a/3775 = -"^ii^afi^fs + ^^'y)[a^'^]{s) ' 

7l>?', = 2f^,„.7,1,. (6.7) 
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At dimension one, the independent quantities are defined by the derivatives of the scalar 
fields, the twenty-seven Maxwell fields strengths and bilinears in the fermion superfields. We 

^6(6) 

DaV'^ij = Pl^'^'Vkuj , (6.8) 



therefore consider Pa defined from the -Bgfe) matrix V^^ jj as 



and M^i^ (which also includes a bilinear term in the fermions) and note that the bilinear x^ 
decomposes into irreducible representations according to 



^7^U<f' - ^{^''N^l + ^'^NZ + Sn'^^^^N; 



-iriV"- - au ■ -- - ao ' '"ab J 

—{n'm^^ + 80'=l[ioJ][')iV^b') (6.9) 

where sets of adjacent indices are understood to be antisymmetrised, while the commas separate 
different columns of the corresponding Young tableaux. All expressions are assumed to be 
symplectic traceless. A^*'-?'^' is in the symplectic traceless P, A^*'-' in the nn, N^^'^'- in the 
symplectic traceless — , and A^*-' in the symplectic traceless 0. The bilinears in Xa also include 



]\l^jk,ipq Q^j^f^ j\[V . VQ jj^ ^YiQ g^ and A"*-^' ^'^ in the P, but they will not appear in the dimension- 
one components of the torsion and the Riemann tensor. The notation ri'^JIW-'lI' is also used. It 
is defined by 

4j^fc][«Arj][' = n^^N^^ - n'^^N^^ - n^'N^^ + Q}^ N^^ . (6.10) 

We will consider the standard constraint Tab^ = 0. 
First we use the Bianchi identity 



K'pc" = ni'.nH^^'T^'/ + Tjp^^^ki^^'^T'^J , (6.11) 

ji j d 

''a/3c ^^^ Incline ui LiivjDc wi -ta^-y- 



from which one can determine the components of R^Jac'^ in terms of those of T^o^- Then we 



use 



K'p^%s + -^KU^'^'i^i + o = DiTi^^\ + Tjp^Tj;\ + TjpP^%,n^^Tf^\ + o (6.12) 

where -|- O indicates that one should add cyclic permutations of the three first pairs of indices 
' ^ *" J . This allows us to kill some a priori allowed terms such as the component involving 

l%n^'^^'Mf , (6.13) 

of Ra'^a^'', the components involving 

7a/3-yiV^'' , ^''ea''''''NtcJdel3y (6.14) 
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of TaJl and the related components involving 

-2i^,dapN'^' , 4iecd''''^''7eapNab (6.15) 

of R]^^gcd- This also determines all but two coefficients for all the other representations. The lat- 
ter can then be determined by requiring that the superfield Xo defines the covariant derivative 
of the scalar superfield V^^ ij, and by requiring that the algebra closes accordingly on it. 
After some work one obtains 

(6.16) 
and finds that the torsion and curvature components are 

where <f ' = l^^^N''^''' + ^a/s^a'^''' and iV^'^ = l^^^N^'^ + ha^N^' are bilinears in the 
reducible antisymmetric representation of Sp{l, 1). The constant multiplying the Nl'-' term in 
Tag requires one to check the existence of the 27 d-closed superfield strengths F^'^ = V'^^-^ijF^^ 
with 

Fj^ = M^l - \N^i , Fjp^' = -^7a/xf , F%^' = fl„ Jf^'^lt^O^H' + Ul'^^^') . (6.18) 



We have checked that the supersymmetry algebra of {Z)^,D-g} is satisfied on the scalar fields 
for the term involving the derivative of xi that matches the dimension 1/2 torsion, and that 



the terms involved in the product of two derivatives of the scalar in A*"*-?' reproduce the correct 



term in the R]Jg component acting on the scalars. The former permits one to fix the coefficient 
of the Oq,^ A^*'-''^' term in the derivative of xi , whereas the second permits one to fix the overall 
coefficient of the derivative of the scalars. Checking the dimension-zero torsion relation, one 
then fixes the coefficient of Pa in the derivative of Xa ■ 
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6.2 Pure M = 2 supergravity 

We now consider the truncation to pure M = 2 supergravity.^^ For this purpose, we decompose 
5^(4) D Sp{2) X Sp{2)' such that the truncated fermion superfield reduces to 

XJ^'^ = -3fi[^^X^l , xf = ^^^\L (6.19) 

where the unhatted indices now define the N = 2 internal Sp{2) indices, whereas the hatted 
indices are for the complementary Sp{2)' in Sp{A). The second term is determined as a function 
of the former by imposing symplectic tracelessness with respect to 5*^(4). The vector field- 
strength tensor decomposes into the symplectic traceless component and the singlet according 

to 

pi] ^ p'ij _ l^ijp pVj ^ l^vjp /g 20) 

4 4 

where F'^^ is symplectic traceless. The Sp{2) components of the scalar superfield reduce to 

V'^KL = l^'^nKLe" + e-^* (4^ - ^Q^^Qkl) , V' kl = "^^''^i^Le* (6.21) 



where IJ and KL are respectively Sp{2) and 5'p(2)' rigid indices. It is consistent to identify 



rigid and local indices, because R^Ja^^ = by construction in the absence of matter. The 



bilinears in the fermion reduce to 

^1 = 7at (-XLX^^ + In^'^kix'Jp) , iVa. = 97:,^f^.,xLx^^ ■ (6.22) 

It then follows from (6.16) that 

Dl.4 = '^^'h\pDa^ + l^^'ap i^M':^ + ^'^Mat) " ^ (xj^x'^] " ^a^^'^X^ (6.23) 

where M^^ and Mab are defined as in (6.20). The scalar superfield is real, and satisfies the 
second-derivative constraints 

^aa/3^(*^i)g-i<i. ^ Q ^ fi"/5D(;DJ)ei* = . (6.24) 



^'^There is an ofT-shell version of the M = 2 theory which describes a muhiplet tliat is dual to the M = 2,D = 5 
supercurrent [108]. This could be used as an alternative starting point, but we do not consider it here. 
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6.3 Harmonic superspace 

Harmonic superspaces in five dimensions are of type {2M,p), meaning that a G-analytic field 
of tliis type will be annihilated by p four-component spinor derivatives that mutually anti- 
commute. We write 2J\f because a G-analytic field will depend on {2J\f — p) four-component 
odd coordinates, with J\f being the maximal possible value of p.^^ In A/" = 4 supergravity, only 
the (8,1) harmonic structure associated to the coset 5p(4)/(C/(l) x Sp{3)) is consistent with 
the dimension-one-half torsion component because 

u\u',Tj^'; = , (6.25) 

where the harmonic variables are defined such that 

u\u^jn'^ = 1 , u^'iu'jn'^ = O*"" , (6.26) 

the other contractions are null and fJ''* is the 5*^(3) symplectic matrix. 

The Riemann tensor components are also consistent with the torsion because 



clearly satisfies 



It turns out that the Lorentz curvature 

.1 „,i 



u\u^ju\RlJg''^ = . (6.28) 



24 
is expressible in terms of the G-analytic vector 



u\u^jRl'f,cd = i77ecdah'lapu\u\Nl^^ (6.29) 



Ba = u\u'jK'^ . (6.30) 

To show that Ba is indeed G-analytic, let us rewrite Ba in terms of 

X'J' = n\u^,u%xii' , (6.31) 



as 



We have 



Ba = -jfnrt^suXa'x't ' (6-32) 



4 



DWr = -lu\u'jU^,u^i{7^^pK'^'' - Sn^pN^'^'^) 



{6ll-n^fsn^')ntux'jV;\ (6.33) 



^*In other words, a G-analytic field of type (2A/',p) is p/2M BPS. 
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so that 

\tu 



\ll^[^% - f^a/3^''^)4f^.«,f^rtfis.xf7xj^"'xjf 



= 0. (6.34) 

Note that this is the unique G-analytic vector (up to an overall G-analytic function) since the 
obstruction 

{Di, D}}Ba = ^Eab/'li'pB^B, = , (6.35) 

only vanishes because the curvature is proportional to Ba itself. 

At the linearised level, one can define the d^R'^ invariant starting with a G-analytic integrand 
quadratic in the linearised G-analytic superfield W^^'^^ ~ V^^^jjV^'kl^ ^ , but this does 
not extend to the non-linear level. Indeed, its naive generalisation V^^ ij = uiu'-V'^^ ij is not 
G-analytic since 

DiV^'ij = -In^ix'^V^'iJ . (6.36) 

There is therefore no dimension-zero G-analytic superfield of the correct U{1) weight, and the 
d^R"^ supersymmetry invariant cannot be defined as a harnionic-superspacee integral at the 
non-linear level. 

The M = 2 supergravity theory admits a (4, 1) harmonic-superspacee structure associated 
with the coset Sp{2)/{U{1) x Sp{l)). The harmonic variables in this case satisfy 

u\u^jn'^ = 1 , u''iu'jn'^ = e"^' , (6.37) 

where e^^ is the 5*^(1) antisymmetric tensor and the other contractions are null. However, since 
the torsion supertrace does not vanish in this case, i.e. 

(-i)^r^^^ = xL, (6.38) 

(where the index A runs over all bosonic and fermionic indices), the G-analyticity condition 
involves the flat ^(1) connection u^iXa 

u\Dl^ u^.x'p + u^jD'p u\xi = , (6.39) 

and reads 

u\{Di + xl.)j' = 0. (6.40) 

We will prove this in the next section by consistency with the normal-coordinate expansion of 
a generic scalar superfield together with Stokes' theorem in superspace. 
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7 Invariants in five dimensions 

As in four dimensions, the first duality invariants will be of the same dimension as the full- 
superspace integral of a function of the D = 5 scalars. In A/" = 4 supergravity, this property 
was already discussed in [10]. In pure D = 5, Af = 2 supergravity, the first Sp{2) invariant can 
be derived from the exact 6-superform 

e-'^FAR"'' ARab (7.1) 

where d{e'~^F) = 0. However, this invariant includes the terms 

C ~ ^Sabcdee-'^e'' A R'' A R''' + A A R''' A Rab + ■ ■ ■ (7.2) 

so it is clearly not invariant with respect to a shift of the dilaton superfield. In any case, it is 
not relevant in perturbation theory in five dimensions because of its mass dimension. 

In this section we will show that the integral of the Berezinian of the supervielbein does 
not vanish in maximal supergravity in five dimensions, but it does vanish in the half-maximal 
theory. However, the volume of AA = 2 superspace vanishes, so one can still write the shift- 
invariant i?'^-type invariant as a full-superspace integral of the dilaton superfield. In order to 
do this, we shall compute the normal-coordinate expansion of the supervielbein Berezinian. 

7.1 Normal-coordinate expansion of E 

One checks, in a similar fashion to [12], that all the requirements for the existence of complex 
normal coordinates 

^A^^^a^^i^^ag,.^ zi^ z"} , (7.3) 

are satisfied, because the associated tangent vectors satisfy the involutive algebra 

{Em} = 2nl^^'yE}, + 2nl\El^ + (iV^'^^ - ^,Ni^,)d,, + ^-{N^^''' - IN^ - ^,N^,)dn , 
[dir,dis] = -^rsdn , (7.4) 

with all other graded commutators vanishing. Here dj^ and djj are the vectors on the harmonic 
coset space that act on the harmonic variables by 

dirU^i = ^rsU^'i , dij.u^i = 6^u^i , djiuj = 2u^i , (7.5) 

and trivially on the others. The complex coordinates z^^,z^^ are the complex normal coordi- 
nates on the coset space associated to these vectors. The vectors El^ are the horizontal lifts of 
the basis vectors El^ to the harmonic superspace {i.e. they contain connection terms). 

As in four dimensions, one can check that the normal-coordinate expansion of the super- 
vielbein Berezinian multiplying any scalar superfield factorises into the normal-coordinate ex- 
pansion of the harmonic measure and the normal-coordinate expansion of the supervielbein 
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Berezinian together with the scalar superfield given in terms of the fermionic coordinates ex- 
pansion alone. One can therefore forget about the complex normal-coordinate expansion of 
the harmonic measure, and simply consider the normal-coordinate expansion in terms of the 
fermionic coordinates C° as in [76]. 

Before discussing the specific examples of maximal and half-maximal supergravities in five 
dimensions, we shall rederive the formula for the normal-coordinate expansion of the superviel- 
bein Berezinian in an alternative way. 

We will start quite generally and consider a supergravity theory that admits four fermionic 
normal coordinates C" (possibly together with harmonic ones which can be disregarded), with 
a possibly non-zero torsion supertrace 

(-l)^r«A^ = Xa ■ (7.6) 

Note that we use a, /3 . . . as indices for the 4 normal coordinates, which would be the ^^(l, 1) 
indices in five dimensions, and which would stand for both fundamental and complex conjugate 
SL{2,G) indices together with the associated U{1) weights in four dimensions. By Stokes' 
theorem, the integral of a total derivative over superspace must vanish 

= / d'^xd^''edM{EEj'^E'') = I d'^xd^'^e EiDaE'^ + XaH") . (7.7) 

If one assumes the existence of normal coordinates, with a general normal-coordinate expansion 
of the supervielbein Berezinian given by 

S = £: (l + r e„ + C^Ceo^p + CQ^Cea^M + C' Q\^ C eo^p^s) , (7.8) 

then Equation (7.7) implies that 

= j^e^'^^^i^D^DpD^Ds + AcaDpD^Ds + Ueo^^D^Dg + 24e«^^D5 + 2ieo,p^s) (Dr, + Xr,)H''| 
= (7.9) 

for any tensor superfield H", where the notation | to the right of a superfield indicates that 
the latter is evaluated at C° = 0, as in [76]. In more geometrical terms, X\ is the pullback 
of the superfield X to the analytic superspace from which the normal-coordinate expansion is 
defined. Note that for a general vector field, H^, this expression would only be required to 
be a total derivative in the analytic superspace, but for a vector, H", normal to the analytic 
superspace, this expression must vanish. The various terms in D^~"H then determine uniquely 
the components e„ of the normal-coordinate expansion of E. To carry out this computation 
explicitly, we will consider theories for which one has 

r^/ = 0, n,i?«^/ = 0, D^xp + Dpxa = 0, (7.10) 
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as well as 
e'^^^'R.o.p'R^^s'' = ^(^^e^^^'^iJ.^^^i?^^/ , e^^^' R.^p'^ R.^s" = \5^, e^^^' R^^p'^ R.^s'' • (7.11) 

These equations are indeed satisfied in four dimensions [12], and they are also satisfied in su- 
pergravity in five dimensions. We have checked that the torsion (6.25) satisfies this criterion, 
that the corresponding curvature (6.28) is G-analytic, and that Xa defines a flat U{\) connec- 
tion (6.39). Because the curvature (6.28) only depends on an 5p(l,l) vector, it follows from 
representation theory that the constraint (7.11) must be satisfied. 
Using these equations, one computes that 

Ca ^ Xa I 

e-ap = -^R-yalP\ + -^DaX/s] + -^XaXp] 

<iap-i = ^X[q^5|/37] I + -^D^^aDjiX-i] \ + IpCiaD pX'y] \ + -XctXl3X'y\ 

eal3j5 = T^-Rr;[Q/3'^-R?|75]''| + l^Rrjla/^'' R<;\f5]'' \ + T^R-rilal^'' [D-yXS] + XyXS])\ 

1 I 1 I 1 I 

+ ^DiaDpD^XS]\ + g^[aX/3-D^X5] I + gX[a-C)^^7X5] | 

+ ^X[aX/3-D7X5]| +^X«X/3X7X5| • (7.12) 

One checks that these expressions are indeed compatible with the formula given in [76], repro- 
ducing the result 

CDjn[E] = Cxa + lc^CR,ap^\ + ^C'CC''CRvap'R,,s''\ 

= {-1)^T^A^ - n/sJc - <5^(i^a'^ - 5^) , (7.13) 

where, by definition, Xa = exp[(^PD^]xQ| ^^ and where (7.6) and (7.10) have been used to show 
that the normal-coordinate expansions of ^/sa^ and Ea^ take the same form as given in [76] . 

Let us now consider the full-superspace integral of a scalar superfield K. Using the normal- 
coordinate expansion, one computes that 

/ d'^xd^'^e EK= I dfi^^,,) J^[K] , (7.14) 

where dfi(k,i) is the measure over (A;, 1) harmonic superspace ^'^ ^/^{fe,i) = dx d'^^ '9du£ with 
du being the Haar measure over the harmonic coset manifold, and £ is the measure defined in 
(7.8), and where the function J-'[K] is equal to 

^e^P^^iD^DpD^Ds + 4.eo,DpD^Ds + l2eo,pD^Ds + 24e„/37^5 + 2Aeo,p^s)K\ . (7.15) 



"Or more explicitly x<. = X<.| + C^(0/3X^) | + k^^^^ {DpD^Xo)\ + ^C'CC^ iDpD-,DsXc,)\. 
^"That would be (fe, 1, 1) with k = j\r in four dimensions and (k, 1) with k — 2m in five dimensions. 
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Using this expression and using (7.10) and (7.11), one computes that J^[i^] satisfies 

(^a + Xa)-^[A1 = , (7.16) 

i.e. J-[K] is only G-analytic on a line bundle with a flat connection. Therefore we conclude in 
general that one can integrate any G-analytic section on this line bundle over (/c, 1) harmonic 
superspace. 

7.2 R"^ type invariants 

Before considering the full-superspace integral of a general function of the dilaton superfield $ 
in A/" = 2 supergravity in five dimensions, let us discuss the simpler AA = 4 example. In this 
case, the torsion supertrace vanishes, and the only relevant component of the Riemann tensor 
is 

Ral3j = -^^abcd^l"' a/sY 7 Bg , (7-17) 

where Ba is the unique G-analytic vector (6.32). One straightforwardly computes that 

-R»7[a/3^-R<;|75]'' = , (7.18) 

and therefore 

E = £{l- ^C^CYa^Bal - le„^,,CC^CC^^r?«^i3,i?,|) , (7.19) 

and so the volume 

j dC^xS^E = "Y^ f dfi^s.i)V'''BaBh\ (7.20) 

is not zero. Note, however, that this result is irrelevant for the ultraviolet behaviour of the 
theory, because the d^R'^ type invariant does not have the correct power counting to be a 
candidate counterterm in five dimensions. 

In A/" = 2 supergravity, the Riemann tensor satisfies the same equation, and is determined 
by the torsion supertrace Xa = u^iXa ^^ 

Ro^M = -'5(aX/3)X7 - n^iaX^)Xv^^' + ^Sf^^ p)^^^' XvX, ■ (7-21) 

One straightforwardly computes that 

-DaX/3 = -^{XaXl3 " ^al3^'^^ X"/Xs) , 

D[aDi3X^] = --XaX^X-/ , D[aDpD^X5] = -^XaXpX^XS , (7.22) 

and 

Rfafs'^ = -3(XaX/3 - \^a(5^'^^X-fXs) , (7.23) 
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so that 

_ 5 I 4 8 (7.24) 

ea/37 — — T^XaX/3X7| ) 60/3^5 = . 

As a consistency check, one computes using this formula that 

CDJn[E] = CXa\ - liCXafl + |c\"f^a/3^^'x7X5| - \iCXaf\ + ^{CXa)^ (7.25) 

indeed coincides with formula (7.13). This may be a surprise: the volume of superspace does not 
vanish on-shell in maximal supergravity, but it does in the half-maximal theory as a consequence 
of the contribution of the non-trivial torsion supertrace. 

Using this formula, one can now integrate an arbitrary function K of the dilaton superfield 
$ over full superspace to obtain 

j d'xd^'e EK{^) = ^j dfi,,,r,e''^^'xaX^XyX5id - 3)(a - l)d{d + |)i^(cl>) . (7.26) 

Since the integrand starts at 4-points, one can use the linearised analysis to compute that such 
an invariant contains a term in R'^ of the form 



d^^eEK{<^) 
^ e-^^'e'^''''e^<^e^^^''C^^^^C^,,xC^^^^Cs.^u{d -3){d- |)5(5 + l)K{^) + ... (7.27) 

where CafSjS = Jelfasl^t^Rabcd is the Weyl tensor. Clearly this integral vanishes ii K = 
e , 6 2 or if it is a constant. Therefore the integral of the M = 2 supervielbein Berezinian 
vanishes. However, one can still write the only invariant that preserves the dilaton shift sym- 
metry as the full-superspace integral 

J d^'xd'^e E^ = ^J d^H^,,,e^^^'xaXpX^XS • (7.28) 

This invariant satisfies all the required symmetries of the theory and is a full-superspace integral, 
so that there is no obvious non-renormalisation associated with it. However, we shall argue in 
the last section that the same reasoning that we sketched within supergravity in four dimensions 
would in principle imply that such an invariant would be forbidden by a non-renormalisation 
theorem within a hypothetical formulation of the theory in superspace with all 16 supercharges 
realised linearly. 

The situation remains very similar in the presence of vector multiplets. We shall not dis- 
play the explicit components of the Riemann tensor and the torsion in the presence of vector 
multiplets in this paper. The latter can be straightforwardly extracted from the N = A ones for 
n = 5 vector multiplets, and, using the property that the vector multiplets only carry SO{b) 
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vector indices contracted using the corresponding metric Sab, one can then straightforwardly 
generalise all formulae to any number of vector multiplets. Here, we shall only explain how to 
extract the quantities that are important for the computation of the superspace volume. In this 
case the bilinears in the Dirac fermions also include the matter-field Dirac fermions A^ and one 
has 

K'^ = ^Xl4] + ^t:^,]A ^ <f ' = -3^"='xflx^] + ^[^^'AfjU;,,^ . (7.29) 

Using these expressions one computes that Xa = 'U^iXL ^'^d A;^ = u^iXa satisfy 

DaXp = "2 (XaX/3 - ^afi^^'^XfXs) + g (^^ A^j^ - n^^pW^X^XsA) , 

DaXj = xiaX^] - n^pn-y'xX , (7.30) 

and therefore 

D[aDi3X-y] = -^XaXl3X-y " 7;X[aX^ X^]A + T^^lafiX-r]^^"^ Xf Xr,A , (7.31) 



13 1 1 

D[aD(sD^X5] = jXaXl3X-yXS + -^XlaXpX^ Xs]A - T^X^^X/saX^ Xs]b - -^^[alsX^ Xs]A^'''' X^ X^b ■ 
Together with 



this gives 



R-rap^ = -3x«X/3 - X^X^A + 7^a/3^^^ (3X7X5 + X^Xsa) , (7.32) 



Xc 



13 11 

eQ/3 = --XQX/3| + g^a/3^^^X7X5| - J^X^X^jaI - —^af3^'^^X^XsA\ , 

5 1 1 

ea/37 = - — XaXlSX-y] " ^X[qA^A^]a| + —^[atSX-r]^ "^ X^ XrfA\ , 

60/375 = . (7.33) 

The volume therefore still vanishes on-shell in the presence of vector multiplets. The full- 
superspace integral of a function of the dilaton K is expressible as a (4, 1) harmonic-superspacee 
integral by 

j (fxd^^OEKi^) =^-jdti,,^,,^^PW'{xaXpX'yXs{d-'i){d-l){d + l) 

-X[aXpX^X5]A{d - l){d + 3) + -XaXpX^XsAid - 1)9 

+^>^i>^pAX^^8^B{d + ^) + \xiXpAX^XsB{d-l))dK{^) . (7.34) 
In particular, the integral of the dilaton is 

d'xd'HE^ = 1 j dfi,,,,,n''^n^'(^^xax^x^xs + 9xiaXpX^Xs]A 

+ 2'^[a'^/5^\ '^S]B - o-^o-^mA^ Xsb) ■ (7.35) 
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In the presence of vector multiplets, the inost general S0{5,n) invariant G-analytic integrand 
of mass dimension two is 



n-^n'y'(^xaxisx^x5{d - 3)(a - |)(a + 1) 



-X[aX/3A^A5]^(a - |)(5 + 3) + -XaX/3A:?A5^(a - |)9 

+3^Af,VAA:f A5]b(9 + 3) + Ix^XpAX^XsBid - I))g{'^) , (7.36) 

so that all such (4, 1) integrals can be expressed as fuU-superspace integrals of a primitive K(^) 
of G($). 

Note that the field Ba defining the component Ra/s-y of the Riemann tensor is the unique 
G-analytic vector, as in four dimensions, but its square is a G-analytic function whereas the inte- 
grand of the harmonic measure must be a G-analytic section (6.40) because of the non- vanishing 
torsion supertrace. Therefore there is no associated duality invariant in five dimensions. In fact 
one checks that for G($) = ea one obtains an invariant that only depends on the matter 
fields in the quartic approximation. Through dimensional reduction, the latter gives rise to an 
SL{2,M,) invariant in four dimensions that depends non-trivially on the matter scalar fields. 
We conclude that the (4, 1, 1) superspace integral (3.78) does not lift to five dimensions. 

In conclusion, M = 2 supergravity coupled to n vector multiplets in five dimensions admits 
only one invariant candidate that is invariant with respect to a shift of the dilaton superfield 
and that can be written as a (4, 1) harmonic-superspacee integral. It can also be written as the 
full-superspace integral of the dilaton superfield itself. 

7.3 Protected invariants 

We have discussed invariants that can be written as (4, 1) harmonic-superspacee integrals in 
the last section, but they do not exhaust all the possible i?^ type invariants one can write in 
five dimensions. Similarly to four dimensions, some R^ invariants can only be written as (4, 2) 
harmonic-superspacee integrals. The main difference in five dimensions is that one can already 
distinguish these invariants by the structure of the four-graviton amplitude, because there are 
two distinguished 5^(1, 1) quartic invariants in the Weyl tensor that define supersymmetry 
invariants. 

The (4,2) harmonic variables n^j, Uri parametrise the symmetric space Sp{2)/U{2), and 
satisfy 

u'^iu'jn'^ = , u'^iUsjn'^ = SI , (7.37) 

and the reality condition u* = Q^^Urj- As for the (4, 1) harmonic superspace, the non- vanishing 
supertrace of the torsion defines a flat connection (where we use (6.23)) 

u^.Di u^jx'p + u'jD'p u\a'^ = , (7.38) 
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and the appropriate G-analyticity condition for an integrand -7^(4,2) of the (4, 2) measure is that 
it satisfies 

«''i(^i + xL)-^(4,2)=0. (7.39) 

In the hnearised approximation, one can define the G-analytic superfield 

M'Jp = \^'^\pu\u',M':i , (7.40) 

where we chose to define it in terms of the ^^(l, 1) spinor indices for convenience. Any quar- 
tic polynomial in M^l therefore defines a G-analytic integrand for the (4, 2) measure in the 
linearised approximation. One straightforwardly checks that 



oc / d'>x {e''^^'e^''''e^<^e^'^^'''C^r,v^Cp,,xC^^^i.Cs,(^u + ■■) ■ (7.41) 



This class of invariant clearly corresponds to full-superspace integrals, and must admit a non- 
linear form for an arbitrary function of the dilaton that is not e 2 , e^* or 1. 
One has also the additional linearised invariant 



oc / d^'x (e"''^'^e^^''^(f^""f^^^C„^„^C;3,«A)(f^^^f^^"C^^CM^K-) + ■■■)' (7-42) 



which cannot be written as a full-superspace integral, even at the linearised level. We will 
not prove the existence of such a G-analytic integrand in this paper, but one can infer, from 
the existence of the two ten-dimensional Chern-Simons type invariants associated to the gauge 
anomaly, that it exists at least for a power of the dilation of e~2 . 

However, it is not clear if one can define an independent duality invariant with this structure. 
Equivalently, one may wonder if one can define independent invariants involving the matter 
fields, which could only be written as (4, 2) superspace integrals. We will not answer this 
question in this paper. Nonetheless we note that such an invariant, even if it existed, would be 
more constrained by non-renormalisation theorems. 

7.4 Consequences for logarithmic divergences 

The situation for divergences in five dimensions is very similar to the one in four. There is 
only one available duality-invariant counterterm at two loops (7.35) which can be written as a 
(4, 1) harmonic-superspacee integral. It can also be written as a full-superspace integral, but 
not of a duality-invariant integrand. It has been recently computed [21] that the associated 
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UV divergence is indeed absent in A/" = 2 supergravity, and there are hints from string theory 
suggesting that this result should apply independently of the number of vector multiplets.^^ 

Before arguing that the result of the computation [21] may in principle be explained by a non- 
renormalisation theorem, let us point out that the uniqueness of the invariant (7.35) implies in 
principle that the finiteness of the four-graviton scattering amplitude in five dimensions extends 
to all scattering amplitudes at the two-loop order, including higher-point amplitudes and ones 
with external vector-multiplet states. Indeed, the only possible alternative invariants can be 
written only as (4, 2) harmonic-superspacee integrals, and there are several reasons to believe 
that they cannot support logarithmic divergences. First of all, there exists an A/" = 3 harmonic- 
superspacee formulation of Yang-Mills theory in four dimensions, and so extrapolating it to 
five-dimensional N = 2 supergravity, one expects only invariants that can be written at least 
as / d}^9 superspace integrals to contribute to logarithmic divergences. In components, one 
knows that genuine (4, 2) superspace integrals are associated to long cocycles, and therefore, 
applying the algebraic renormalisation arguments of [5], one would conclude as well that such 
invariants cannot be associated to logarithmic divergences. 

A similar argument to that given in [31] for the existence of auxiliary fields in four-dimensional 
theories implies that M = 2 supergravity in five dimensions can only admit an off-shell reali- 
sation with finitely many auxiliary fields when coupled to five modulo eight vector multiplets. 
In particular, the linearised theory with five vector multiplets can be obtained by dimensional 
reduction of the off-shell formulation of ten-dimensional supergravity [32]. Nonetheless, the 
argument of [31] does not rule out the existence of an off-shell formulation of the theory in 
harmonic superspace for an arbitrary number of vector multiplets. In this subsection we shall 
assume that such an off-shell formulation exists. One must note that the situation is much 
simpler in five dimensions, in the sense that realising the shift symmetry of the dilaton does 
not require us to consider a Lorentz-harmonic formulation of the theory. Moreover, if we rely 
on the SO{n) symmetry to fix uniquely the allowed candidate counterterm, we do not require 
this symmetry at the level of the integrand in order to prove the non-renormalisation theorem. 
Therefore, the existence of an off-shell formulation of the theory for n = 5 + 8k vector multiplets 
would be enough to prove the non-renormalisation theorem in these special cases. In such a 
conventional superspace formulation of the theory, the non-renormalisation theorem sketched 
in Section 4.4 would apply directly. Moreover, owing to the property that the coefficient for 
the logarithmic divergence is necessarily a polynomial in the number of vector multiplets, its 
vanishing for n = 5 modulo 8 then implies its vanishing for all n. 

Assuming the existence of such a formulation of the theory in superspace with all super- 
charges realised linearly, the beta function associated to a potential two-loop divergence will be, 
using the same argument as in Section 5.1 [5], equal to the anomalous dimension of the classical 



"^We are grateful to Pierre Vanhove for this comment. 
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Lagrange density in superspace for mixing under renormalisation with the density E^. But the 
variation of this integrand with respect to a dilaton shift gives rise to an integrand with van- 
ishing integral, i.e. the Berezinian of the supervielbeins. In an off-shell formulation, the latter 
will be a total derivative of a degree one co-form that will necessarily depend non-trivially on 
a prepotential. Assuming the existence of Feynman rules within the background field method 
that lead only to possible logarithmic divergences associated with functions of the potentials 
themselves (and not prepotentials), we conclude that the associated anomalous dimension must 
vanish. And in consequence, so must the beta function. 

Note that although the shift symmetry of the dilaton is subject to potential anomalies, 
there is no supersymmetry invariant with the appropriate power counting to define a one-loop 
anomaly for the shift symmetry. Although one expects this symmetry to become anomalous at 
two loops, this would not affect the potential logarithmic divergences at this order. 

7.5 D = 5 Heterotic string theory non-renormalisation theorem 

Considering the full-superspace integral of a general function of both the dilaton $ and the 
scalar fields t™ parametrising the SO{5,n)/{SO{5) x SO{n)) symmetric space, one computes 
in the same way that the only contribution to the R'^ coupling comes from the term 

In perturbative heterotic string theory, the £-loop contribution to the effective action R'^ cou- 
pling in five dimensions appears with a factor 

GeicP^t"") = ei(^-2)'^K(t'") . (7.44) 

It follows that the one-, two-, three- and four- loop contributions to the effective action i?^ 
coupling cannot be written as full-superspace integrals in five dimensions. In general, they 
cannot be written as (4, 1) harmonic-superspacee integrals either, except in the marginal case 
i = 2 and K{t^) = 1. Therefore such couplings can only be defined as (4,2) harmonic- 
superspacee integrals, or as closed superforms, and can be considered as being one-half BPS 
protected. 

It is striking that we obtain precisely the same conclusion in four dimensions, for which the 
R'^ coupling of the full-superspace integral of a function G{t, t^) of the complex scalar r and 
the scalar fields i™ parametrising the 50(6, n)/(50(6) x SO{n)) symmetric space is multiplied 

by 

(A-2)AG(r,t™) . (7.45) 

In perturbative heterotic string theory, the £-loop contribution to the effective action R'^ cou- 
pling in four dimensions appears with a factor 

Gi{4>,e') = e2(^-3)<^K(t'") , (7.46) 
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with T = a + ie"^*^. It follows that the one-, two-, three- and four-loop contributions to the 
effective action i?^ coupling cannot be written as full-superspace integrals in four dimensions 
either. 

The fact that the string-theory interpretation is the same in both four and five dimensions 
suggests that the same property should hold in ten dimensions, i.e. 



!■ 



d'^xd'^e EG{^) 
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Since the £-loop contribution gives rise to a factor 

Ge{4>) = e(2^-i)<^ , (7.48) 

it would then follow that the R coupling cannot appear as a full-superspace integral before five 
loops in ten dimensions. If it were possible to write e' ~2)'PR'^ couplings for £ = 1,2,3,4 as full- 
superspace integrals in ten dimensions, then one would obtain by dimensional reduction that 
the corresponding dimensionally reduced invariants are also full-superspace integrals, which is 
in contradiction with our results. 

The only other invariants that include an R'^ coupling are the Chern-Simons like invariants 
that are obtained from the d-exact 11-superforms 

H AR'^bA R'^c a R^d AR'^a , HA R"^ A Rab A R""^ A Red ■ (7.49) 

These can only appear at one loop in string theory, because their i?^ couplings come with a factor 
6 2*^. This property is understood in string theory because these invariants are required as coun- 
terterms in order to cancel the gauge anomaly, which is itself subject to a non-renormalisation 
theorem [88]. The explicit computation in string theory indeed confirms that there is no R 
correction to the affective action at the 2-loop level [109], whereas only the Chern-Simons in- 
variants appear at the 1-loop level. Nonetheless, it has been argued in [110] that this state of 
affairs cannot extend to all orders in perturbation theory, because it would be in contradiction 
with heterotic / type I duality. 

The structure of the supersymmetry invariants in four and five dimensions shows that R'^ 
couplings can only be considered as being protected until four loops in string theory, and the 
above results suggest that the non-renormalisation theorem for the t%t%R'^ — ■o£iq£ioR'^ term in 
the effective action will apply until four loops, but not beyond. 

8 Conclusions 

In this paper we have discussed the possible ultra-violet divergences that can arise in half- 
maximal supergravity theories at three and two loops, in D = 4 and 5 respectively. We 
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have shown, provided that some assumptions regarding off-shell formalisms are made, that 
the pure half-maximal supergravity theories should be finite in these cases, in agreement with 
the amplitude results and string theory. In the presence of vector multiplets, this conclusion 
remains unchanged in Z? = 5, but cannot be justified in D = A owing to appearance of an F 
term in the S'L(2,M) anomaly. 

The key observation is that, although the candidate counterterms seem superficially to be 
F-terms, they can be rewritten as D-terms, i.e. integrals over the full sixteen-theta superspaces. 
The fact that the volume of superspace vanishes, for both D = 4 and 5, implies that these 
full-superspace integrals are duality-invariant. There are, however, no candidate counterterms 
with manifestly duality-invariant full-superspace integrands. The relevant duality-invariant 
integrals can either be written as full-superspace integrals of integrands that are not themselves 
invariant, or they can be written as sub-superspace integrals of invariant integrands. We have 
called this situation the F/D borderline, since the status of these invariants is ambiguous. Given 
the existence of suitable off-shell versions of the theories preserving all of the supersymmetries 
linearly, as well as duality, we have argued that the F-term character wins out and that these 
invariants are therefore protected. This result is vitiated in the case of vector multiplets in 
D = 4 because the three- loop counterterm no longer needs to be fully duality-invariant. 

The recognition of F/D marginal structure further expands the class of special invariant 
structures that have a bearing on non-renormalisation properties of supersymmetric theories. 
By combining duality properties with supersymmetry structure, they expand the class of Chern- 
Simons-type invariants vulnerable to exclusion as candidate counterterms. Other examples of 
special structure that have been found in the now decade-long to- and fro- discussion of coun- 
terterm analysis versus unitarity-method loop calculations include special cohomology types in 
higher-dimensional super Yang-Mills theory [111]. 

For the future, it would clearly be of interest to construct the off-shell formalisms whose 
existence we have relied upon in our arguments. This is not an easy problem. We know that 
there is an off-shell version of A/" = 4 Yang-Mills theory in harmonic superspace, but that it 
only has linearly realised A/" = 3 supersymmetry. Moreover, this construction is rather special 
in that it relies upon the fact that the harmonic coset can be regarded as three-dimensional, so 
that the Chern-Simons action in this sector can be used to set the corresponding field strength 
to zero, thereby leading to the usual constraints in ordinary superspace, which are well-known 
to imply the equations of motion. So far, no other construction of this type has been made, 
except for the closely related -0 = 3, A/" = 6 Yang-Mills where such a construction leads to 
an off-shell version of non-abelian Chern-Simons theory [112]. An additional complication is 
the requirement that duality symmetry be preserved. In four dimensions this is incompatible 
with manifest Lorentz symmetry and is therefore likely to require the use of Lorentz harmonics 
as well as those associated with R-symmetry. It may therefore be easier to try to tackle the 
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five-dimensional case first where this last problem does not arise. 

Whether or not the above above programme can be implemented successfully, it seems diffi- 
cult to imagine any purely field-theoretic argument that could protect yet higher-loop countert- 
erms against ultra-violet divergences. This is because there are no further obstructions to the 
construction of counterterms that are manifestly invariant under all symmetries. This being 
the case, there is an obvious challenge on the computational side. If it turns out that, e.g., 
J\f = 4, D = 4 supergravity is finite at four loops, then all bets would be off regarding the 
perturbative finiteness of A/" = 8 supergravity. 

It is also important to stress the implications of the counterterm structures that we find, 
without relying on a hypothetical fuU-superspace off-shell formulation of the theory. In pure 
supergravity in four dimensions, we have shown that there is a unique duality-invariant can- 
didate counterterm at three loops. It therefore follows that the vanishing of the four-graviton 
amplitude at this order [18], implies the finiteness of all amplitudes at that order. In the pres- 
ence of vector multiplets, in addition to the one-loop F^ divergence, we find a unique potential 
two-loop candidate of generic form d'^F^ (whose invariance under S0{6,n) still remains to be 
established), and only two independent duality invariants at three loops, involving either R^ 
or d^F^. Moreover, the one-loop 5L(2,M) anomaly allows in principle for one additional non- 
duality-invariant R^ type counterterm. According to the string-theory arguments of [19], which 
are further strengthened by our analysis of Section 7.5, the four-graviton amplitude is also fi- 
nite in the presence of vector multiplets. The four- matter-photon amplitude would in principle 
be allowed to admit genuine two- and three-loop divergences should there be no full off-shell 
formulation of the theory with sixteen supercharges realised linearly. It should be possible to 
check computationally whether or not these amplitudes diverge, which would in turn shed light 
on the validity of the conjecture regarding the existence of an off-shell formulation of the theory. 

In five dimensions there is a unique duality-invariant two-loop candidate, which can be 
written as a harmonic-superspacee integral over twelve of the sixteen fermionic coordinates. It 
can also be written as the full-superspace integral of the dilaton superfield. Assuming that there 
exists an off-shell D = 5 formulation of the theory with at least twelve supercharges realised 
linearly, one could already conclude that the finiteness of the four-graviton amplitude [21] 
implies the finiteness of all amplitudes at two loops. If the four-graviton amplitude were finite 
but if the four-matter-photon amplitude were to diverge in half-maximal J\f = 2 supergravity 
in five dimensions, one would then be able to infer that there is no off-shell formulation of the 
theory with more than eight supercharges realised linearly. 

What lesson do we learn from this analysis concerning M = 8 supergravity? First of all, note 
that the AA = 4 theory's property that the duality invariant (4, 1, 1) harmonic-superspacee inte- 
gral can be rewritten as the sixteen-theta full-superspace integral of a function of the complex 
scalar is only possible because the latter is chiral. It therefore appears that the duality-invariant 
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seven-loop candidate counterterm expressed as a (8, 1, 1) harnionic-superspacee integral [12] 
cannot be rewritten as a thirty-two-theta full-superspace integral in J\f = 8 supergravity. Al- 
though an off-shell formulation of the maximally supersymmetric theory with all thirty-two 
supercharges realised linearly would then permit one to conclude that the theory must be finite 
until eight loops, such a formalism is extremely unlikely to exist. 
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